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“Analysis of strategic economic situations requires us, implicitly or
explicitly, to maintain as plausible certain psychological hypotheses.
They hypothesis that real economic agents universally recognize the
salience of Nash equilibria may well be less accurate than, for example,
the hypothesis that agents attempt to “out-smart” or “second-guess”
each other, believing that their opponents do likewise.” (pg. 1010)

B. D. Bernheim. Rationalizable Strategic Behavior. Econometrica, 52:4, pgs. 1007 -
1028, 1984.
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“The rules of a game and its numerical data are seldom sufficient for
logical deduction alone to single out a unique choice of strategy for each
player. To do so one requires either richer information (such as
institutional detail or perhaps historical precedent for a certain type of
behavior) or bolder assumptions about how players choose strategies.
Putting further restrictions on strategic choice is a complex and
treacherous task. But one's intuition frequently points to patterns of
behavior that cannot be isolated on the grounds of consistency alone.”
(pg. 1035)

D. G. Pearce. Rationalizable Strategic Behavior. Econometrica, 52, 4, pgs. 1029 -
1050, 1984.
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What are the consequences of assuming that the players are rational and
there is common belief of rationality?
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“...a decision-maker has a subjective probability opinion with respect to
all of the unknown contingencies affecting his payoffs. In particular in a
simultaneous-move two-person game, the player whom we are advising is
assumed to have an opinion about the major contingency faced, namely
what the opposing player is likely to do. If | think my opponent will
choose strategy i (i = 1,...,n) with probability p;, | will choose any
strategy j maximizing >/ ; piujj, where u is the utility to me of the
situation in which my opponent has chosen i and | have chosen j."

(pg. 115, Kadane and Larkey)
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“It is true that a subjectivist Bayesian will have an opinion not only on
his opponent’s behavior, but also on his opponent’s belief about his own
behavior, his opponent’s belief about his belief about his opponent’s
behavior, etc. (He also has opinions about the phase of the moon,
tomorrow’s weather and the winner of the next Superbowl).
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“It is true that a subjectivist Bayesian will have an opinion not only on
his opponent’s behavior, but also on his opponent’s belief about his own
behavior, his opponent’s belief about his belief about his opponent’s
behavior, etc. (He also has opinions about the phase of the moon,
tomorrow’s weather and the winner of the next Superbowl). However, in
a single-play game, all aspects of his opinion except his opinion about his
opponent’s behavior are irrelevant, and can be ignored in the analysis by
integrating them out of the joint opinion." (KL, pg. 239, my emphasis)
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Theorem. Assume that there is a common prior and that for all w, for
all i € N, Mj(w) C {v | si(v) =s;i(w)}. If each player is Bayes rational
at each state of the world, then the distribution of the action n-tuple s is
a correlated equilibrium.

R. Aumann. Correlated Equilibrium as an Expression of Bayesian Rationality. Econo-
metrica, 55:1, pgs. 1 - 18, 1987.
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Deliberation in Games

» The Harsanyi-Selten tracing procedure
» Brian Skyrms’ models of “dynamic deliberation”

» Ken Binmore's analysis using Turing machines to “calculate” the
rational choice

» Robin Cubitt and Robert Sugden’s “reasoning based expected utility
procedure”

» Johan van Benthem et col.'s “virtual rationality announcements’

Different frameworks, common thought: the “rational solutions” of a
game are the result of individual deliberation about the “rational” action
to choose.

Eric Pacuit



Dominance Reasoning
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Dominance Reasoning
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Dominance Reasoning
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Game 1: U strictly dominates D and L strictly dominates R.
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Game 1: U strictly dominates D and L strictly dominates R.

Game 2: U strictly dominates D

Eric Pacuit

10



Bob

L R
_ul22] 41
<

D| 14 | 33
Game 1

Ann

L

Bob

R

2,1

1,0

Game 2

Game 1: U strictly dominates D and L strictly dominates R.

Game 2: U strictly dominates D, and after removing D, L strictly
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Game 1: U strictly dominates D and L strictly dominates R.

Game 2: U strictly dominates D, and after removing D, L strictly

dominates R.

Theorem. In all models where the players are rational and there is
common belief of rationality, the players choose strategies that survive
iterative removal of strictly dominated strategies (and, conversely...).
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Comparing Dominance Reasoning and MEU

{Sitien, {uitien)

= <N
Q S_; (a set of strategy profiles for all players except i)
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Comparing Dominance Reasoning and MEU

= (N, {Si}ien, {uitien)
Q S_; (a set of strategy profiles for all players except i)

s,s' € 5, s strictly dominates s’ with respect to X provided

Vs € X, ui(s,s_;) > ui(s,s;)
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Comparing Dominance Reasoning and MEU

= (N, {Si}ien, {uitien)
Q S_; (a set of strategy profiles for all players except i)

s,s' € 5, s strictly dominates s’ with respect to X provided

Vs € X, ui(s,s_;) > ui(s,s;)

p € A(X), s is a best response to p with respect to X provided

vs' € S;, EU(s,p) > EU(S, p)

Eric Pacuit
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Ul 5% | 1%
E M| 1x | 5x
D| 2% | 2%

D is strictly dominated by (0.5U,0.5M).
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L Bob R

Ul 2% | -1x%
E M| 0% | 0%
D|-1x/| 2%

M is never a best response: if p(L) > 1/2 then U strictly dominates M,
if p(L) < 1/2, then D strictly dominates M.
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Strict Dominance and MEU

Proposition. Suppose that G = (N, {S;}icn, {ui}ien) is a strategic
game and X C S_;. A strategy s; € S; is strictly dominated (possibly by
a mixed strategy) with respect to X iff there is no probability measure
p € A(X) such that s; is a best response to p.
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Suppose that G = (N, {S;}ien, {uitien) is a finite strategic game.
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Suppose that G = (N, {S;}ien, {uitien) is a finite strategic game.
Suppose that s; € S; is strictly dominated with respect to X:

35; € 5;,Vs_; € X, u,-(s,{,s_,-) > u,-(s,-,s_,-)
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Suppose that G = (N, {S;}ien, {ui}tien) is a finite strategic game.
Suppose that s; € S; is strictly dominated with respect to X:

35; € S5,Vs_; e X, U,‘(S,{,S_,') > U,‘(S,',S_,')
Let p € A(X) be any probability measure. Then,
Vs e X, p(s-i)-ui(si,s-;) > p(s—;) - ui(si,s-i)

ds_; e X, p(s=i) - ui(sl,s—;) > p(s—;) - ui(si,s—;)
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Suppose that G = (N, {S;}ien, {ui}tien) is a finite strategic game.
Suppose that s; € S; is strictly dominated with respect to X:

Jsl € S;,Vs_;i € X, ui(sl,s_;) > ui(si,si)
Let p € A(X) be any probability measure. Then,
Vs ;e X, p(s_;)-ui(s,s_;) > p(s_;) - ui(si,s_;)
ds_; e X, p(s=i) - ui(sl,s—;) > p(s—;) - ui(si,s—;)
Hence,

Z p(s_;) - ui(sl,s_;) > Z p(s—i) - ui(si,s—;)

s_jeS_; s_;eS_;
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Suppose that G = (N, {S;}ien, {ui}tien) is a finite strategic game.
Suppose that s; € S; is strictly dominated with respect to X:

Jsl € S;,Vs_;i € X, ui(sl,s_;) > ui(si,si)
Let p € A(X) be any probability measure. Then,
Vs ;e X, p(s_;)-ui(s,s_;) > p(s_;) - ui(si,s_;)
ds_; e X, p(s=i) - ui(sl,s—;) > p(s—;) - ui(si,s—;)
Hence,

Z p(s_;) - ui(sl,s_;) > Z p(s—i) - ui(si,s—;)

s_jeS_; s_;eS_;

So, EU(s!, p) > EU(sj, p): si is not a best response to p.
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For the converse direction, we sketch the proof for two player games and
where X =S_;. 1

1The proof of the more general statement uses the supporting hyperplane theorem
from convex analysis.
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For the converse direction, we sketch the proof for two player games and
where X =S_;. 1

Let G = (51, 52, u1, up) be a two-player game.
(Let Uj : A(S1) x A(S2) — R be the expected utility for /)

1The proof of the more general statement uses the supporting hyperplane theorem
from convex analysis.
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For the converse direction, we sketch the proof for two player games and
where X =S_;. 1

Let G = (51, 52, u1, up) be a two-player game.
(Let Uj : A(S1) x A(S2) — R be the expected utility for /)

Suppose that a € A(S;) is not a best response to any p € A(S,).

Vp € A(Sg) dq € A(Sl), U1(q, p) > U1(Oz, p)

1The proof of the more general statement uses the supporting hyperplane theorem
from convex analysis.
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For the converse direction, we sketch the proof for two player games and
where X =S_;. 1

Let G = (51, 52, u1, up) be a two-player game.
(Let Ui : A(S1) x A(S2) — R be the expected utility for i)

Suppose that a € A(S;) is not a best response to any p € A(S,).

Vp € A(Sz) dq € A(Sl), U1(q, p) > U1(Oz, p)

We can define a function b : A(Sy) — A(S1) where, for each p € A(S»),
Ul(b(p)a p) > Ul(av p)

1The proof of the more general statement uses the supporting hyperplane theorem
from convex analysis.

Eric Pacuit
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Consider the game G’ = (51, Sy, U1, Up) where

ui(s1,52) = ui(s1, s2) — Ui(a, s2) and Ta(s1, s2) = —ui(s1, s2)
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Consider the game G’ = (51, Sy, U1, Up) where

ui(s1,52) = ui(s1, s2) — Ui(a, s2) and Ta(s1, s2) = —ui(s1, s2)

By the minimax theorem, there is a Nash equilibrium (pj, p3) such that
for all m € A(Sy),

Ui(pi, m) > Ui(pi, p3) > Ui(b(p3), p3)
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Consider the game G’ = (51, Sy, U1, Up) where

ui(s1,52) = ui(s1, s2) — Ui(a, s2) and Ta(s1, s2) = —ui(s1, s2)

By the minimax theorem, there is a Nash equilibrium (pj, p3) such that
for all m € A(Sy),

Ui(pi, m) > Ui(pi, p3) > Ui(b(p3), p3)

We now prove that Ui (b(p3}), p5) > O:
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U1(b(p3), p>)

2 xes; 2yes, P(P3)(X)P3(y)u(x, y)
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Ui(b(p3),p3) =

> oxes, 2yes, b(P3)(x)p3(y)ua(x, y)

2xes; 2uyes, P(P2)(X)P3(y)[ua(x, y) = Ui(a, )]
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Ui(b(p3),p3) =

> oxes, 2oyes, b(P3)(x)p3(y)ua(x, y)
> oxes, 2oyes, b(P3) ()3 (¥)[u1(x,y) — Ur(e, y)]

Y oves; 2yes, b(p3)(x)p3 (y)u(x, y)
> oxes, 2oyes, b(P3)(x)p3(y) Ui(a, y)
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U1(b(p3), p>)

> oxes, 2oyes, b(P3)(x)p3(y)ua(x, y)
D oxes, 2oyes, b(P3) ()3 () (x, y) — Ur(e, y)]

Y oxes; 2oyes, b(P3)(x)p5 (y)u(x, y)

= 2xes 2yes, bp3)(x)p3(y) Ui(a, y)

Ui(b(p3), p3)
> oxes 2yes, b(P3)(x)p5(y) Ui(a, y)
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U1(b(p3), p5)

> oxes; 2oyes, b(P3)(X)p3(v)Ti(x, y)
D oxes; 2oyes, b(P3)(X)ps (v)[ui(x, y) — Ur(a, y)]

Y oves; 2yes, b(p3)(x)p3 (y)u(x, y)

= 2xes, 2uyes, bp3)(X)p3(y) Ui(@, y)

U1(b(p5), p>)

= Dxes; 2uyes, b(p3)(X)p3(y)Ui(a y)

Ui(a, p3) = Xxes; 2yes, b(P3)(x)p3(y) Ui(a, y)
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U1(b(p3), p5)

Y oves; 2oyes, b(P3)(x)p3 (v)ai(x, y)
> oxes, 2uyes, b(P3)(x)p3(y)[ui(x,y) — Ui(a, y)]

Y oxes; 2oyes, b(P3)(x)p3 (y)u(x, y)

= Dxes; 2yes, b(p3)(X)p3(y)Ui(a, y)

U1(b(p3), p>)

= 2xes; 2uyes, b(P3)(X)p3(y)Ui(a y)

Ul(Oé, p>2k) - Ex651 ZyESz b(p’z")(x)pé(y) Ul(Oé,y)

Ur(e, p3) = D ses, b(P3)(X) 2 yes, P3(y) Ui(a, y)

18



U1(b(p3), p3)

2 xesy 2oyes, b(P3)(X)p3 (Y)un(x, )
2 xes, 2yes, bP3)(X)p3 (V)[un(x, y) — Ui(a, y)]

2 xes; 2yes, D(P3)(X)p3(y)ui(x, y)

— D oxes 2yes, b(P3)(x)p5(y) Ur(e, y)

Ui(b(p3), p3)

— D oxes 2yes, b(P3)(x)p5(y) Ui(a, y)

Ui(a, p3) = 2oxes; 2oyes, (P3)(X)P3(v) Ui(, y)
U(e, p3) = D xes, b(P3)(X) 2 yes, Po(y) Ui(a, y)

Ui(a, p3) = Ui(@, p3) - D ses, b(P3)(%)
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U1(b(p3), p)

2 xes, 2oyes, b(P3)(X)p3 (Y)an(x, )
2 xes, 2yes, bP3)(X)ps (V)[un(x, y) — Ui(a, y)]

ZXGSl ZyGSQ b(p;)(x)p; (y)u1 (X7 y)

= 2xes 2yes, bp3)(X)p3(y) Ui(a, y)

U1(b(p5), p>)

= Dxes; 2yes, b(p3)(X)p3(y)Ui(a y)

Ui(a, p3) = 2xes, 2oyes, (P3)(X)P3(v) Ui( y)
U(e, p3) = D xes, b(P3)(X) 2 yes, Po(y) Ui(a, y)
Ui(a, p3) = Ui(@, p3) - D, b(P3)(%)

U]_(Oé,p;) - UI(Q7PS) =0
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Hence, for all m € A(S) we have

U(pi, m) = Ux(pt, p3) = Us(b(p3), p3) > 0

Eric Pacuit
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Hence, for all m € A(S) we have

U(pi, m) = Ux(pt, p3) = Us(b(p3), p3) > 0

which implies for all m € A(Sy), Ui(p;, m) > Ui(o, m), and so « is
strictly dominated by py.
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Important Issue: Correlated Beliefs

/ r 3% / r z / r
1,13 1,03 vl|1121,00 u|110| 10,0
0,1,0 | 0,0,0 d| 010|112 d|013]003
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Important Issue: Correlated Beliefs

X / r 3% / r z / r
v|113]103 v|112|100 u|110| 10,0
d| 010000 d| 010|112 d|013]003

» Note that y is not strictly dominated for Charles.

Eric Pacuit
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Important Issue: Correlated Beliefs

v|113]103 v|112100 v|110| 1,00
d| 010000 d| 010112 d| 0131003

» Note that y is not strictly dominated for Charles.

» It is easy to find a probability measure p € A(Sa x Sg) such that y
is a best response to p. Suppose that p(u,/) = p(d,r) = % Then,
EU(x,p) = EU(z, p) = 1.5 while EU(y, p) = 2.

Eric Pacuit



Important Issue: Correlated Beliefs

v|113]103 v|112100 v|110| 1,00
d| 010000 d| 010|112 d| 0131003

» Note that y is not strictly dominated for Charles.

» It is easy to find a probability measure p € A(Sa x Sg) such that y
is a best response to p. Suppose that p(u,/) = p(d,r) = % Then,
EU(x,p) = EU(z, p) = 1.5 while EU(y, p) = 2.

» However, there is no probability measure p € A(Sa x Sg) such that
y is a best response to p and p(u, /) = p(u) - p(/).

Eric Pacuit
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X
v|113]103 v|112100 v|110| 1,00
d| 010000 d| 010|112 d| 0131003

» To see this, suppose that a is the probability assigned to u and b is
the probability assigned to /. Then, we have:

e The expected utility of y is 2ab + 2(1 — a)(1 — b);

e The expected utility of x is 3ab+ 3a(1 — b) = 3a(b+ (1 — b)) = 3a;

and
e The expected utility of z is
31—a)b+3(1—a)(1—b)=3(1—a)(b+(1—b))=3(1-a).

Eric Pacuit
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Given a sequence of sets of strategies Sy, ..

the following is standard notation:

> s = (S1,.--,Si—i,Sit1,---,5n)
> 5_,‘=51X---XSi_iXS;+1X---Sn

L Spands€ S5 x - xS,

Eric Pacuit
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Given a sequence of sets of strategies S1,...,S,and s € S5; X -+ X S,
the following is standard notation:

> s_; = (S1,-,Si—isSit1,-5n)

>S5S =5 X---XSi_iX5;+1 X -5y

We say that G = (S;,...S,) is a restriction of a game
H=(Ti,...,Thyu1,...,uy) provided S; C T; forall i =1,...n.
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Given a sequence of sets of strategies S1,...,5,and s € 51 x --- x 5,
the following is standard notation:

> s_; = (S1,-,Si—isSit1,-5n)
> S_,'IslX---XSi_iX5;+1X---Sn

We say that G = (S;,...S,) is a restriction of a game
H=(Ti,...,Thyu1,...,uy) provided S; C T; forall i =1,...n.

A restriction G where each S; is nonempty is associated with a unique
subgame, G = (S1,...,Sn, U, ... u)) where u! = ujls, «...s, (each u/ is
the restriction of u; to the strategies in S;).
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Given a sequence of sets of strategies S1,...,S,and s € S5; X -+ X S,
the following is standard notation:

> s_; = (S1,-,Si—isSit1,-5n)

>S5S =5 X---XSi_iX5;+1 X -5y

We say that G = (S;,...S,) is a restriction of a game
H=(Ti,...,Thyu1,...,uy) provided S; C T; forall i =1,...n.

A restriction G where each S; is nonempty is associated with a unique
subgame, G = (S1,...,Sn, U, ... u)) where u! = ujls, «...s, (each u/ is

the restriction of u; to the strategies in S;).

A restriction where some 5; are empty is called an empty restriction.

Eric Pacuit
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Restrictions of a game H can be ordered by the component-wise subset
relation:

G=(5...,5)C(5,....5) =G iff §; C S/ foralli=1,...n

Eric Pacuit
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Beliefs, or Conjectures

Fixagame H=(Ty1,..., Tp,u1,...,Up)

For each player let BB; be a set of beliefs (for now, this is an unspecified
set)

Each u; is associated with a expected payoff function U; : S; x B; — R.

A belief B; of player i in H can be narrowed to any restriction G of H.
This narrowing of H to G is denoted: B; N G

We call the pair (B,N) a belief structure in the game H where
B = B1 x -+ x B, and the following property is satisfied:

If Gi C Go C H, thenforalli=1,...,n, B,ﬂGlgB,ﬂGQ

Eric Pacuit
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Examples

1. Fori=1,...,nB; := T_; and for a restriction G = (51,...,S,) of
H BNG =S

Then (B,N) is the pure belief structure in H.

Eric Pacuit
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Examples

1. Fori=1,...

H, BiN G

iy Bi
=5

:= T_; and for a restriction G = (51,...,5,) of

Then (B,N) is the pure belief structure in H.

2. Given a finite strategic game, let H be the mixed extension, so

H=(l,...,

I, Un, ...

, Un) where I; = AS;, where AX is the set of

probability measures on X.

Then, for a restriction G = (S1,...,S,) of H, BiN G := I'I#,-?j, where
S; is the convex hull of a set S; of mixed strategies.

Eric Pacuit
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Examples

3. Assume H is a finite game. For i=1,...,n, Bj := [;4AT; and for
a restriction G = (S1,...,S,) of H, B; N G = M4 AS;
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Examples

3. Assume H is a finite game. For i=1,...,n, Bj := [;4AT; and for
a restriction G = (S1,...,S,) of H, B; N G = M4 AS;

4. Assume H is finite. For i=1,...,n, B;i := I;AT_; and for a
restriction G = (S1,...,S,) of H, BN G = AS_;
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Examples

3. Assume H is a finite game. For i =1,...,n, Bi := [;+;AT; and for
a restriction G = (S1,...,5,) of H, BiN G := [;4AS;

4. Assume H is finite. For i=1,...,n, B;i := I;AT_; and for a
restriction G = (S1,...,S,) of H, BiN G := AS_;

5. Assume H is a finite game. For i =1,...,n, B; := [+ A°T;, where
for a set X, A°X is the set of probabilities measures that assign positive
probability to each element of X, and for a restriction G = (S51,...,Sp)
of H, B,’ ﬂ G = rlj;éiAOSj

Eric Pacuit
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Theorem. In all models where the players are rational and there is
common belief of rationality, the players choose strategies that survive
iterative removal of strictly dominated strategies (and, conversely...).

Eric Pacuit
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Subgames

Let H = (Hi,..

.,H,,,ul,...

, Un) be an arbitrary strategic game.
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Subgames

Let H=(Hi,...,Hn,u1,...,up) be an arbitrary strategic game.

A restriction of H is a sequence G = (Gy, ..., G,) such that G; C H; for
all i € {1,...,n}.

The set of all restrictions of a game H ordered by componentwise set
inclusion forms a complete lattice.

Eric Pacuit
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Game Models

Relational models: (W, R;) where R; C W x W. Write
Ri(w) ={v | wR;v}.

Events: EC W

Knowledge/Belief: OF = {w | Rj(w) C E}
Common knowledge/belief:

OE =0E

OkHlE = OOkE

O*E =N, OKE

Fact. An event F is called evident provided F C OF. w € O*E
provided there is an evident event F such that w € F C OE.
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Game Models

Let G:(Gl,...

, Gp) be a restriction of a game H.

A knowledge/belief model of G is a tuple (W, Ry,...,Rn,01,...,0n)

where (W, Ry, ...

, Rp) is a knowledge/belief model and o; : W — G;.

Eric Pacuit
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Game Models

Let G = (Gy, ...

, Gp) be a restriction of a game H.

A knowledge/belief model of G is a tuple (W, Ry,...,Rn,01,...,0n)

where (W, Ry, ...

, Rp) is a knowledge/belief model and o; : W — G;.

Given a model (W,R1,...,Rn,01,...0p,) for a restriction G and a
sequence E = {E;,...,E,} where E; C W,

Gg = (01(E1), - - -, 0n(En))

Eric Pacuit
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Some Lattice Theory

» (D, Q) is a lattice with largest element T. T : D — D an operator.
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Some Lattice Theory

» (D, Q) is a lattice with largest element T. T : D — D an operator.
» T is monotonic if for all G, G’, G C G’ implies T(G) C T(G')
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Some Lattice Theory

» (D, Q) is a lattice with largest element T. T : D — D an operator.
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» (D, C) is a lattice with largest element T. T : D — D an operator.
» T is monotonic if for all G, G’, G C G’ implies T(G) C T(G')
» G is a fixed-point if T(G) =G

v

vT is the largest fixed point of T

T is the “outcome of T: T =T, To+l = T(T),

TP = Na<p T The outcome of iterating T is the least « such
that Tot1 = T denoted T°°

Tarski’s Fixed-Point Theorem: Every monotonic operator T has a
(least and largest) fixed point T =vT =J{G | G C T(G)}.

v
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Some Lattice Theory

» (D, C) is a lattice with largest element T. T : D — D an operator.
» T is monotonic if for all G, G’, G C G’ implies T(G) C T(G')
» G is a fixed-point if T(G) =G

v

vT is the largest fixed point of T

T is the “outcome of T: T =T, To+l = T(T),

TP = Na<p T The outcome of iterating T is the least « such
that Tl = T® denoted T

Tarski’s Fixed-Point Theorem: Every monotonic operator T has a
(least and largest) fixed point T =vT =J{G | G C T(G)}.

» T is contracting if T(G) C G. Every contracting operator has an
outcome (T is well-defined)

v

v
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Rationality Properties

©(si, Gi, G_;) holds between a strategy s; € H;, a set of strategies G; for
player i and strategies G_; of the opponents. Intuitively s; is p-optimal
strategy for player i in the restricted game (G;, G_;, u1, ..., up) (where
the payoffs are suitably restricted).
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Rationality Properties

©(si, Gi, G_;) holds between a strategy s; € H;, a set of strategies G; for
player i and strategies G_; of the opponents. Intuitively s; is p-optimal
strategy for player i in the restricted game (G;, G_;, u1, ..., up) (where
the payoffs are suitably restricted).

j is monotonic if for all G_;, G'; C H_; and s; € H;

G_; C G'; and ¢(s;, H;, G_;) implies ¢(s;, Hi, G’ ;)
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Removing Strategies

If o= (¢1,...,9n), then define T,(G) = G’ where

> G =(G1,...,Gn), G' = (Gl,...,G),
» for all / € {1, RN n}, G,-/ = {S,’ € G; | gO,'(S,', H,', G_,')}
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Removing Strategies

If o= (¢1,...,9n), then define T,(G) = G’ where

> G =(G1,...,Gn), G' = (Gl,...,G),
» forall i e {1,...,n}, G,-/ ={si € G; | vi(si, Hi, G_;)}

Ty is contracting, so it has an outcome T2°

If each ¢; is monotonic, then v T, exists and equals T2°.
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33



Rational Play

Let H= (Hi,...,Hn,u1,...,up) a strategic game and
(W,Ry1,...,Rn,01,...,0,) a model for H.

oi(w) is the strategy player is using in state w.

GR,(w) Is a restriction of H giving i's view of the game.
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Rational Play

Let H= (Hi,...,Hn,u1,...,up) a strategic game and
(W,Ry1,...,Rn,01,...,0,) a model for H.

oi(w) is the strategy player is using in state w.

GR,(w) Is a restriction of H giving i's view of the game.

Player i is pj-rational in the state w if ;(0i(w), H;, (Gg,(w))-i) holds.
Rat(yp) = {w € W | each player is p;-rational in w}

ORat(yp)
O*Rat(y)
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Theorem (Apt and Zvesper).

> Suppose that each ¢; is monotonic. Then for all belief models for H,

GRat(¢)nB*(Rat(¢)) & T

> Suppose that each ¢; is monotonic. Then for all knowledge models
for H,

Gr+(Rat(p)) € To"

» For some standard knowledge model for H,

72" € Gk=(Rat(y))

K. Apt and J. Zvesper. The Role of Monotonicity in the Epistemic Analysis of Games.
Games, 1(4), pgs. 381-394, 2010.
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Claim If each ¢; is monotonic, then Gra(p)no<Rat(p) © To°-
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Let s; be an element of the ith component of Grat()no+Rat(y):
si = oi(w) for some w € Rat(yp) N O*Rat(y)
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Claim If each ¢; is monotonic, then Gra(p)no<Rat(p) © To°-

Let s; be an element of the ith component of Grat()no+Rat(y):
si = oj(w) for some w € Rat(y) N O*Rat(p)

there is an F such that F C OF and

w & F C DRat(p) = {v € W | Vi Ri(v) C Rat(y)}

Claim. GFﬂRat(gp) is post—fixed point of Tgo (GFﬂRat(cp) - TQO(GFﬂRat(gp)))'

Since each ¢; is monotonic, T, is monotonic and by Tarski's fixed-point
theorem, Grnrat(p) C© T2°- But s; = oi(w) and w € F N Rat(yp), so s is
the ith component in 7.
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F COF and w € F C ORat(p) = {ve W | Vi Ri(v) C Rat(y)}

Claim. GrrRat(y) is post-fixed point of Ty, (GraRat(e) € To(GFrRat(y)))-
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F COF and w € F C ORat(p) = {ve W | Vi Ri(v) C Rat(y)}
Claim. GrrRat(y) is post-fixed point of Ty, (GraRat(e) € To(GFrRat(y)))-

Let w' € FNRat(yp) and let i € {1,...,n}.
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F COF and w € F C ORat(p) = {ve W | Vi Ri(v) C Rat(y)}

Claim. GrnRat(y) is post-fixed point of T, (GrrRat(p) S To(GFrRat(e)))-

Let w' € FNRat(yp) and let i € {1,...,n}.

Since w’ € Rat(y), ¢i(oi(w'), Hi, (GRg,(w))—i) holds.
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Let w' € FNRat(p) and let i € {1,...,n}.
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F is evident, so R;(w’) C F. We also have R;(w’) C Rat(y).
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Let w' € FNRat(p) and let i € {1,...,n}.

Since w’ € Rat(y), ¢i(oi(w'), Hi, (GRg,(w))—i) holds.

F is evident, so R;(w’) C F. We also have R;(w’) C Rat(y).

Hence, Ri(w’) C F N Rat(y).

This implies (Gg,(w')) € (GFrRat(p))—i» and so by monotonicity of ¢;,
vi(si, Hi, (GFaRat())—i) holds.
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F COF and w € F C ORat(p) = {ve W | Vi Ri(v) C Rat(y)}
Claim. GrnRat(y) is post-fixed point of T, (GrrRat(p) S To(GFrRat(e)))-
Let w' € FNRat(p) and let i € {1,...,n}.

Since w’ € Rat(y), ¢i(oi(w'), Hi, (GRg,(w))—i) holds.

F is evident, so R;(w’) C F. We also have R;(w’) C Rat(y).

Hence, Ri(w’) C F N Rat(y).

This implies (Gg,(w')) € (GFrRat(p))—i» and so by monotonicity of ¢;,
vi(si, Hi, (GFaRat())—i) holds.

This means GFmRat(¢) C Tga(GFﬂRat(go))
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Sd,'(S,', G;, G_,') is —E|SI{ € G;,Vs_; € G_,-u,-(s,{,s_,') > U,'(S,',S_,')
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Sd,'(S,', G;, G_,') is —E|SI{ € G;,Vs_; € G_,-u,-(s,f,s_,') > U,'(S,',S_,')

bri(si, Gi, G_;) is Ju; € Bi(G_i)Vs; € G;, Ui(si, pi) > Ui(sj, i)

UW(G) = G’ where G,-/ = {S,' € G; | 4,0,'(5,', G;, G_,')}.
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Sd,'(S,', G;, G_,') is —E|SI{ € G;,Vs_; € G_,-u,-(s,f,s_,') > U,'(S,',S_,')

bri(si, Gi, G_;) is 3ui € Bi(G_)Vs; € G, Ui(si, ui) > Uj(s], ).

UW(G) = G’ where G,-/ = {S,’ € G; | 4,0,'(5,', G;, G_,')}.

Note: U, is not monotonic.

Eric Pacuit

38



Corollary. For all belief models, Grat(br)no+Rat(br) © Ugy- For all G, we
have
Tbr(G) - Tsd(G)

Tsq(G) € Usa(G)
Then, T2 C U,
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Corollary. For all belief models, Grat(pr)no+Rat(br) © Ugy- For all G, we
have
Tbr(G) - Tsd(G)

Tsd(G) g Usd(G)

Then, T2 C U,

Fact. Consider two operators Ty, T on (D, C) such that,

» for all G, T1(G) C T»(G)
» T7 is monotonic
» T, is contracting

Then, T° C T5°.

Eric Pacuit
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This analysis does not work for weak dominance...
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40



Rationality

Let G = (N, {S;}ien, {ui}icn) be a strategic game and
T = {Ti}tien,{Ai}ien,S) a type space for G.

For each t; € T;, we can define a probability measure p;, € A(S_):

pt, 5_ Z )\ tl 5_,,t_)

t_eT_;

Eric Pacuit
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Rationality and common belief of rationality (RCBR) in the matrix
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IESDS

0,0
1,0

1,1

3.3

3,3

1,1

t

m|04|00]40

43
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IESDS

1,1

3,3

3,3

1,1

t

b [0,4]00

0,0

1,0

1,1

3.3

3,3

1,1

t

m|04|00]40

43
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IESDS

1,1

3,3

3,3

1,1

t

b [0,4]00

1,1

3,3

3,3

1,1

t

0,0

1,0

1,1

3.3

3,3

1,1

t

m|04|00]40

43
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1's types

| C r
551051050
M(t) s; 01010
ss] 0100

)\1(t2)

I C r
s$110105] 0
s 0| 0 |05
s3/0( 0 0

:
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2's types

)\2 (51)

)\2(52)

)\2(53)

t1

0.5

0.5

to

t1

0.25

0.25

to

0.25

0.25

51

0.5

()

o|lo|3

0.5
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)\2(51)

| c r
[t 33 11[00
m| 11 ]33] 10
b| 0,40 0] 40
t m t m b
| 05050 | 025] 025]0
A
1 0100 2%2) = 025 [ 0.25 [0
t m b
L 10510 0
A
253) 0 Tol 05
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)\2(51)

» [ and c are rational for both s; and s5.

)\2(53)

t m b

025 0250

025 | 025 |0
t b
t1 | 0.5 0
tr 0 0.5
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1 t
m
b
t m b
t1 {05050 t1 0
Aa(s1) =50 To Aa%2) 0
t m b
L 10510 0
A
253) 0 Tol 05

» [ and c are rational for both s; and s5.
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t m | b t m b
| 05050 | 025] 025]0
A A
251) 0 T 0 To 2%2) = 025 [ 0.25 [0
t m b
t1 0 0

) e o | o]

» [ and c are rational for both s; and s5.
» [ is the only rational action for s3.
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)\2(51)

| c r
[t[33 71100
m| 1113310
b | 0400 40
t m | b t m b
& 1051050 | 025] 025]0
A
| 0 | 0|0 2(%2) = 025 [ 025 0
t m b
71050 0
A
2As3) 0 o 08

» [ and c are rational for both s; and s5.
» [ is the only rational action for s3.

» Whatever her type, it is never rational to play r for 2.
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0
0.5

0] 05

S1
52

S3

0,0

1,0

1,1

3,3

3,3

1,1
0,410,040

t

b

A1(t2)

0
0

0.5
0

0.5
0

S1
2

S3

A1(tr)

47
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)\1(1‘1)

» t and m are rational for tj.

I C r
511005 0
s5 10| 0 |05
s3/0| 0 0
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)\1(1‘1)

» t and m are rational for tj.

I C r
511005 0
s5 10| 0 |05
s3/0| 0 0
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)\1(1‘1)

» t and m are rational for tj.

» m and b are rational for t5.

1
m
b
| C r
s1| 05] 050
S 0 0 |0
S3 0 0 |0

)\1(1‘2)

S1

52

oo —

S3
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/\2(51)

t m | b t m
L e L
t [m| b
() oo 03
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/\2(51)

)\2(53)

> All of 2's types believe that 1 is rational.
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| [ r

ss| 05| 050

M(t) s; 0 | 0 |0
ss| 0 | 0 |0

)\1(1‘2)

I C r
s1/0[05| 0
5|10 0 |05
s3/0| 0 0

:
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)\1(1‘1)

» Type t; of 1 believes that 2 is rational.

S1
2
S3

)\1(1’2)

Eric Pacuit
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S1
2
S3

A1(t1) Ai(t2)

» Type t; of 1 believes that 2 is rational.
» But type tp doesn't! (1/2 probability that 2 is playing r.)
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/\2(51)

t m | b t m b
L e
t [m| b
(o) oo o
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/\2(51)

> Only type s; of 2 believes that 1 is rational and that 1 believes that
2 is also rational.
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| c r

s.| 05] 0510

A1(ty) s; 01 0 |0
s 0 ] 0 |0

)\1(1‘2)

| C r
s11 0]05] 0
s 0] 0 |05
s3/01] 0 0

:
Eric Pacuit
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A1(

it
(@]
o =

S
t) | 0 | 0 |0
ss] 0 | 0 |0

A1(t2)

51 0
S2 0.5
S3 0

> Type t; of 1 believes that 2 is rational and that 2 believes that 1

believes that 2 is rational.
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| C r
t [33]1,1]0,0
m| 113,310
b |04[00]|40
| C r T m T b
s | 05| 050
A (t 5]0.
1(t) | 0 | 0 |0 Xa(s1) :1 005 005 8
51 01 0 |0 2

:
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/\1(1‘1)

> No further iteration of mutual belief in rationality eliminate some
types or strategies.
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A1(t1)

> No further iteration of mutual belief in rationality eliminate some

types or strategies.
> So at all the states in {(t1,s1)} x {t, m} x {/, c} we have rationality
and common belief in rationality.
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/\1(1‘1)

> No further iteration of mutual belief in rationality eliminate some
types or strategies.

> So at all the states in {(t1,s1)} x {t, m} x {/, c} we have rationality
and common belief in rationality.

» But observe that {t, m} x {/, c} is precisely the set of profiles that
survive |[ESDS.
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RCBR

Let G = (N,{Si}ien, {ui}icn) be a strategic game and
T = {Titiens {\i}ien, S) a type space for G.

The set of states (pairs of strategy profiles and type profiles) where
player i chooses rationally is:

Ratj := {(sj,t) | si is a best response to py, }

The event that all players are rational is
Rat = {(s, t) | forall i, (si,t;) € Rat;}.

Eric Pacuit
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RCBR

A type t; € T; believes an event E_; C S_; x T_; if \j(t;))(E—-;) = 1; let
Bi(E_;) = {(si, ti) | ti believes E_;}.

Rl;l = Rat;,
for m>1, R™! = R™N B;(R™)

RCBR; = ﬂ R™ and RCBR = M;cnyRCBR;

m>1

Eric Pacuit 54



BRS

Let 5,Q = S; forallie N. For m >0, let S,-'"+1 be the set of strategies
that are best replies to conjectures pi_; € AS™. The set 57° = ﬂmZO sm
is the set of (correlated) rationalizable strategies of Player /.

A set B=T;eyBi €S =TMM;cnS; is a best-reply set (or BRS) if, for all
players i € N, every s; € B; is a best reply to a belief y_; € AB_;. Bis
a full BRS if, for every s; € B;, there is a belief u_; € AB_; that
rationalizes s; and such that all best replies to p_; are also in B;.
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Theorem (Brandenburger and Dekel, Tan and da Costa Werlang) Fix a
game G = (N, {S;}ien, {uitien)-
1. In any type structure ({ Ti}ien, {Ai}ien, S) for G, projsRCBR is a
full BRS.
2. In any complete type structure ({ T;}ien, {Ai}ien, S) for G,
projs RCBR = 5.
3. For every full BRS B, there exists a finite type structure
({Ti}tien,{Ni}ien, S) for G such that projsRCBR = B.
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full BRS.
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[t 44 1100 (1) ; (1)

m | 115500 f ; s
d 010160

A. Friedenberg and J. Kiesler. [terated Dominance Revisited. Working paper, 2011.
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| C r b a

[t 44 1100 (1) ; é

m | 115500 f ; s
d 010160

» The projection of RCBR is {(t,/)}

A. Friedenberg and J. Kiesler. [terated Dominance Revisited. Working paper, 2011.
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| C r b a

[t 48 T 00 (1) ; é

m 1115500 f ; s
d 1010160

» The projection of RCBR is {(t,/)}
» This is not the entire ISDS set

A. Friedenberg and J. Kiesler. [terated Dominance Revisited. Working paper, 2011.

:
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| c2 r b a

[t 48 T 00 (1) ; é

m 1115500 f ; s
d 1010160

» The projection of RCBR is {(¢t,/)}
» This is not the entire ISDS set

» “Game independent” conditions and rich type structures

A. Friedenberg and J. Kiesler. [terated Dominance Revisited. Working paper, 2011.

:
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