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Abstract

This paper obtains the weak completeness and decidability results for standard systems
of modal logic using models built from formulas themselves. This line of work began with
Fine [4]. There are two ways in which our work advances on that paper: First, the definition
of our models is mainly based on the relation Kozen and Parikh used in their proof of the
completeness of PDL, see [7]. The point is to develop a general model-construction method
based on this definition. We do this and thereby obtain the completeness of most of the
standard modal systems, and in addition apply the method to some other systems of interest.
None of the results use filtration, but in our final section we explore the connection.
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1 Introduction

The normal forms of propositional modal logic have been discovered several times. These are
the analog of the Scott sentences in modal logic, and they also are generalizations of state
descriptions from propositional logic. We’ll define them in due course, but here are some
examples:

=  pAGAOPAGYAS(pAAT((PAQ)V (mpAq))
PAGAO(p A AC(=pAg) ANO(((mpAq)) V (—pAq))
= pAGgAOaNOBATO(aV )

«
g
X

The primary source on the use of normal forms is Kit Fine’s paper 1975 paper “Normal forms
in modal logic” [4]. Presumably Fine called them “normal forms” because every modal for-
mula is equivalent to a disjunction of a finite set of them. In a different way, such sentences
serve as characterizing sentences (or approximations to such sentences). This means that the
bisimulation type of a given model-world pair is an infinitary sentence built in the manner of
the examples above; see [1], Theorem 11.12. This result will not be important to us, and indeed
we shall refer to these formulas as canonical formulas in our development.

Fine [4] claim that “Normal forms have been comparatively neglected in the study of modal
sentential logic” seems even more cogent thirty years after its publication. The topic is missing
from most recent textbooks, and only a handful of papers discuss it. There are several possible
reasons for this. First, normal forms give weak completeness and decidability results, and these
can be obtained as well via the method of filtration, as first shown by Lemmon and Scott. So
one might reasonably ask what the advantage of normal form proofs could be. This is answered
by Fine’s claim that normal form methods are more elegant. Indeed, as David Makinson’s
review [9] points out, “[Normal forms are] applied with flair and elegance to the modal logics
K, T, K4, and a fairly broad class of ‘uniform’ modal logics. In the case of K the construction
turns out to be quite simple; in the other cases it is rather intricate.”

And this brings us to the second possible reason for the neglect of normal forms. There
has not been an account of what the method consists of that allows us to ask what it can and
cannot do. Thus the original applications in [4] seem in retrospect to be ad hoc. To be more
specific on this point, Fine’s main construction builds finite Kripke models from the normal
forms themselves. The “intricate” constructions boil down to the specification of a particular
accessibility relation on a particular set of normal forms of a given (finite) height and over a
given (finite) set of atomic propositions. The original definitions of the subset and the relation
are indeed special, and it would appear that they must be tailored logic-by-logic.

This paper attempts to re-open the matter of building Kripke models from the formulas of
the logic itself. It develops the topic from scratch in Sections 2 and 3 and then turns to new
applications. Our re-working of the topic aims to develop it as a method in the sense that
we settle on one main construction, the models Cj, (L) introduced in Section 4. This relates

2



to our point just above. Our definitions are arguably simpler and more ‘canonical’. We have
Chn(L) = (Chn(L), S ,v), where

1. Cpp(L) is a certain set of formulas of modal height < h built from the first n atomic
propositions, all of which are consistent in the logic L.

2. a5 G iff a AOf is consistent in L.

3. v(p) ={a:Fa—p}.

Point (3) is what one would expect from any model construction where the worlds are
formulas. The important point is (2). This definition comes from the Kozen-Parikh [7] proof of
the completeness of propositional dynamic logic. That paper was published six years after [4].
It is tempting to think that this paper is the version of Fine’s [4] that comes with the hindsight
of the main definition of [7]. (And in the other direction, we use the normal form proof to
simplify the work of [7] a bit, since we bypass filtration.)

This paper is mainly a study of the models Cy, (L), and applications of them in proving
weak modal completeness theorems. We also ask about the relation of our work to filtration in
Section 7.1. Before turning to the specific contributions of the paper, we should emphasize that
our work only gives the weak completeness results. (That is, we prove that consistent sentences
in various logics have models of certain types; but our work does not directly carry over to
show that consistent sets of sentences have models of the appropriate types.) To get strong
completeness results from our work, the easiest way would seem to be via semantic compactness
theorems, provable using ultraproducts.

Specific completeness results Section 5 contains the weak completeness results for all
modal logics built from K using 7', B, D, 4 and 5 with respect to the expected classes of finite
models. The only exceptions are K5 and K D5; for those the methods do not work. As we
have mentioned, the completeness results in [4] are for K, KT, KD, K4, and the uniform
logics such as K M; also mentioned at the end are KB and S4. For 5S4, the method gives weak
completeness for finite preorders. Sections 5 and 6 also contain completeness of the provability
logic KL, KAMcK, and the logic KO* of the transitive closure operator. We remind the reader
that filtration is not used in any of our arguments. (Also, we have nothing to say about strong
completeness.) We believe that our development of the weak completeness results is somewhat
simpler than the standard approach. On a related pedagogical point, we think that pictures
of the models Cj, (L) for various logics L in Figure 1 should help students who prefer to have
presentations which are as concrete as possible.

How to read this paper This paper will read differently depending on what the reader
brings. It is mainly written for those with no experience with modal completeness proofs, and
indeed the paper itself can be used as a treatment of the central results in the area that we think
is faster and easier than more popular methods. However, all of the specific completeness results
in this paper are already known. Most appear in standard textbooks, such as Blackburn, de
Rijke, and Venema [3]. So readers who know those results might well wonder what the novelty
is and whether the re-working of old results is a reasonable thing to do in the first place. Those
readers might prefer to read or skim the paper until the end of Section 4, and then take up
Section 7.1.



The technical material in this paper is quite elementary. Most of it could be read by anyone
who knows the completeness of classical propositional logic in any logical system, the Kripke
semantics of modal logic, and the specific modal systems such as K, 54, etc.

History My interest in these matters goes back to work with Jon Barwise on characterization
results for infinitary modal logic, and later applications of the same construction to the modal
correspondence theory. (See [1], Theorem 11.12, and also [2].) Analogs of the same construction
for finitary and infinitary modal logics were the leading idea behind coalgebraic logic [10].
However, in none of these works does one find a model construction based on the characterizing
formulas. Later, while teaching modal logic to undergraduates, I was faced with the task
of teaching completeness theorems to students who lacked the mathematics background to
understand the traditional completeness-via-filtration arguments. So I worked out proofs using
the characterizing formulas themselves. Since I had seen the Kozen-Parikh work on PDL, it
was natural to adapt the idea. In writing up that work, I found that Fine had done the same
thing in 1975. His work is not so well-known, I think: none of the readers of any of the papers
mentioned above ever mentioned it to me. There have not been many papers that build on it.
(One exception is Ghilardi [5], but its approach seems very different from this paper’s. For that
matter, a construction related to Fine’s in the intuitionistic setting may be found in de Jongh’s
dissertation [6]. This predates Fine’s paper.) And in looking at Fine’s paper [4], there are some
differences mainly due to the way that the models are defined. In any case, one of the purposes
of this paper is to stimulate some new thinking about the whole matter of constructing finite
models in modal logics using formulas themselves as worlds and with certain special relations
as the accessibility, as we have mentioned above.

A didactic point One of our goals is to present weak completeness proofs in as simple a
manner as possible. I believe that the approach here might be simpler than the standard one.
The reason is that one gets by without Zorn’s Lemma or quotients. To be fair, there are still
some complexities: students have to be good with induction to work through the proofs. To use
this material in a classroom setting would mainly mean presenting some of the results in detail
while keeping others as exercises. I have found that this works, but my sample is too small to
make a strong claim that the method works for students who find the standard approach tough

going.

2 The ¢ notation for “exactly one”

In this section, we introduce some notation that will be used throughout this paper. We always
work with a countable set of atomic propositions p1, p2, ..., Pn, - ... We write ®(11,...,1y,) to
mean that exactly one of ¥y, ..., 1, holds:

\/(ﬂ% A - \/ ¥j).
i j#i
We also use this notation a bit sloppily when the list of formulas comes without a definite order,
as in &{¢1,..., ¢y, }. For example, let

SD,, = the set of all state descriptions of order n. (1)
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This is the set of formulas of the form g1 A...Aq,, with each ¢; equal to either the corresponding
atomic proposition p; or its negation —p;.

Lemma 2.1. In any complete logical system for propositional logic + @®SD,,.
Proof We use completeness and the semantic fact that = @&SD,,. =

Lemma 2.2. The following are equivalent in propositional logic:

1. @(90179027'”780]6)/\EB(szl,...,lpl)
2. &{oiNY; 1 1<i<k,1<j<lI}

Lemma 2.3. The following are equivalent in propositional logic:
1. @(901,1/11)/\/\@(9%’7%)

The easiest proofs of these lemmas are semantic, using completeness. Of course there are
also syntactic proofs.

2.1 Extending the notation to the modal setting

In this section, we expand our discussion to the case of formulas built in the basic modal
similarity type. That is, we add a single modal operator O to the syntax of propositional logic,
generating formulas such as O(peg A —Ops). As always, we write O for ~O-p. Let 01, ..., 0,
be modal formulas. For each S C {¢1,..., ¢}, let

as =\ ovin J\ O
YiE€S bigS

Also, let
S = Nowiro\ w. (2)
;€S P €S
We remind the reader of the convention that \/) = F and A = T. We also remind the
reader that K is the logical system extending propositional logic with K-axioms O(p — ) —

(Op — Ov) and with the rule of Necessitation: from ¢, infer Op. We write b ¢ for derivability
in K.

Lemma 2.4. Suppose that = ®(¢1,...,¢Ym). Then in K, = @&fas : § € {¢1,...,¢Ym}}, and
also = ®{S: S C{¢1,...,¥m}}.

Proof The first part is immediate from Lemma 2.3; the point is that t D (O, =O1h;) for all
i. For the second, we show that F ag <> S for all S. Note that since - @(¢1,...,¥y), we also
have - \/{¢1,...,%¥m}. By Necessitation, - O\/{¢1,...,¥n}. So

A o= o\ v
i ¢S ;€S



This implies that - ag — S. We prove also the converse. Since - @& ()1, ..., 1y, ), we have

=V vi— A\

i €S »igS
So
Fo\/ vi—»0 N\
i €S bigS
This easily leads to - S — asg. .

2.2 Canonical formulas in modal logic

To generalize the notion of a state description to modal logic, we not only have to keep track of
which atomic propositions are used in a given formulas, we also need to take note of the modal
height.

Definition We define the height and order of an arbitrary formula ¢ of modal logic by the
following recursions:

ht(py) = 0 ord(py) = n

ht(T) =0 ord(T) =0

ht(F) = 0 ord(F) =0

ht(—p) = hi(p) ord(—~p) = ord(p)

ht(p Ap) = max(ht(p), ht()) ord(p Ap) = maz(ord(p),ord()))
ht(Oep) = 1+ hit(p) ord(0y) = ord(y)

The height (also called depth) measures the maximum nesting depth of boxes, and the order
gives the largest subscript on any atomic proposition occurring. We also let

Lhn = A{p:ht(e) < h,ord(p) <n}.
For example,
ht(<>p3 VAN D<>p2) = 2
ord(Ops A OCp9) = 3

So that Ops A OOps belongs to Lo 3. Indeed it belongs to Ly, , for h > 2 and n > 3.

Definition Fix a natural number m, and consider the first m atomic propositions pi,...,pn.

For each T' C {p1,...,pn}, let
T = Apn N\ -» (3)
pi €T pigT

For example, with n =4 and T' = {p1,p4}, we have
T = piApiA-p2A-ps.
Note that SD, = {T : T C {p1,...,pn}}.

Definition We define the sets Cp, ,, of canonical formulas of height h and order n as follows:

6



Con = SDy,. Given Cp,, we let Cp4q,, be the collection of formulas of the form SAT. The
notation S comes from (2), and the notation 7" from (3). So for S C Cp,,, and T' C {p1,...,pn},

(Apes Q) N (OV yes )
= (/\piET pl) A (/\pi¢T _‘pl)
Put differently, each o € Cp, 41, is of the form

(A ov) A @\ 8) A (AT A (N —i) (4)

PYES pigT

) W)

for some S C Cj, and some T' C {p1,...,pn}.

Proposition 2.5. For each h and n, Cy,, is a finite subset of Ly, . Moreover, if F(0,n) = 2"
and F(h+ 1,n) = 2P+ ghen |y | = F(h,n).

Example 2.1. Cy1 = {p1,—p1}. Ci1 is a set with eight elements. Because we refer to these
elements at various points, it makes sense to adopt names for them. And because we are dealing
with n = 1, we drop the subscript on p;.

ap = @/\p as = {/—|\p}/\p
a = 0A-p a6 = {p}A-p
ag = @/\p a; = @Ap

as = {ptA-p ag = Co1A-p

We have used the notation from above. For example, @ abbreviates Op A Op, and C/OI
abbreviates Op A G=p A O(p V —p). (The last conjunct is redundant, so it is better to think of
Co,1 as Op A O=p.)

Example 2.2. Let A be any Kripke model. Fix a number n. For every a € A and every h,
we define the formula ¢!. The definition is by recursion on h (simultaneously for all a € A)
as follows: ¢ is the unique canonical formula of height 0 and order n satisfied by a. (It is the
conjunction of all atomic propositions satisfied by a and all negations of atomic propositions
not satisfied by a.) Given @2 for all b € A, we define

ot = Nogr AoV e A
a—b a—b
Then each ¢ belongs to Chon-
We shall see later that very canonical formula can be obtained in the manner of Example 2.2.

Lemma 2.6. For all h and n, = ®Cpp, in K. As a result, every world of every Kripke model
satisfies a unique element of Cp, .

Proof For h =0, use Lemma 2.1. Assume that - @&C, ,,. By Lemma 2.4, @{§: S CSD,}.

Continuing, we have already seen that - ®SD,,. That is, - @{f : T C{p1,...,pn}}. So by
Lemma 2.2, we have

l_ @{3\/\? . S g Ch,n a'nd T g {p177pn}}
That is, F ©Cp41,n- -



We next present the fact that justifies thinking of the canonical formulas as analogs of state
descriptions. This result is the most important fact in this section, and it will be used without
specific justification in the rest of this paper.

Lemma 2.7. Let x € Ly, and o € Cy . Then in K, either = o — x or else - o — —x.

Proof By induction on . All of the work is in the induction step for 0. So we assume our
lemma for x and prove it for Ox. Let h and n be large enough so that Oy € L, and let
a € Cpyn. We must have h > 0. Write a as in (4). For each 8 € S, the induction hypothesis
applies to x and 8. We have two cases. First, assume that for some § € S, - 8 — —x. Then
F &8 — ©&=x. The definition of « in (4) implies that F o — ¢3. So F a — &—x. We have
F o — —-0Oy. The other case is when for each 3 € S, - 8 — x. Then \/ﬂeSﬁ — x. So we
also have O V,@esﬂ — Oyx. Again in view of (4), - @ — Oy. This completes the induction
step for O, and hence the overall proof. =

With the foregoing definitions in place, we now take up the main thread of this paper, the
construction of finite models from canonical formulas.

3 The models By,

Our first class of models is called By, ,,. For natural numbers h and n, By, , might be called
the canonical finite model of height < h and order n. These models are not the central objects
of study in this paper; those will be the models Cj, (L) introduced in the next section. Our
mention of the models By, ,, is mostly for completeness.

We define By, ,, = (Bp,n,~) as follows:

1. The worlds By, ,, of By, are the canonical formulas of height < h and order n:
ma = Co,n @] Cl,n Uu---u Ch,n~
2. If o belongs to Cit1,p, say o = SA f, then for all g € S, a ~ (3. These are the only ~»
relations in the model.

3. For 1 < j < n, v(p;) is all of the canonical formulas of height < h and order n in which
pj is a conjunct (rather than —p;). An equivalent formulation is

v(pj) = {a€Clchp :Fa—pj}l

The reason why we use the symbol ~ for the accessibility relation in a model rather than
just — is to avoid the confusion of logical implication with the accessibility relation in our
formula-based models.



Example 3.1. Here is By 1, using the notation from Example 2.1.

aq a2

(07%: (%]

M

7 AN

a3 Qg

a7 ag

The atomic proposition p is true at the points a1, a3, as, a7, and p. We have pictured Co 1
in the middle, and C;; outside. Incidentally, there is no significance to the arrangement of
a1, ...,ag in the picture. We maintain this arrangement in several figures in the sequel, and we
do so mainly because it results in pictures of partial orders that grow from the bottom upwards.

Lemma 3.1. For all o € C<pppy, (Bpp, ) = .

Proof For h =0, note that for 1 <i <n, a |=p; iff p; € v(a) iff - o — p;. Since « is a state
description, - o — p; or F o« — —p;; and the choice depends only on whether p; is or is not a
conjunct of a. This easily leads to our result.

Assume the result for h, and let a € Cp,41,,. Then « is of the form S A CF, with S C Cp,
and T C {p1,...,pn}. The same argument as above shows that « |= T.1fB € S, then o ~ .
By induction hypothesis, 5 = 3, so a = <¢f. If ¢ S, then we claim that no child v of «
can satisfy 5. For such v would be different from 3, and as v = v and every world satisfies a
unique element of Cy, ,, we see that v cannot satisfy 3. Since this is true for all -y, we see that

a | —=OpB. Thus, for all B € S, a | <OfF, and for all ¢ S, a | —-OB. Overall, a = S. .

This last results explains our remark at the end of Example 2.2: every o € Cp,, is of the
form ¢! for some pointed model (A, a).

Lemma 3.2. Fiz a number n. For every x € Ly, and every o € C<py, the following are
equivalent:

1. (Bpp, ) = x.

2. Fa—xin K.

The proof is by induction on h.

Completeness and decidability of K We are not so interested in these models By, ,, in this
paper, mostly because it is not possible to adapt them to give results about specific logics of
interest. (The exceptions are for KB and K D, but we shall not go into details on those.) But
we do want to mention that those models give the completeness and decidability of K, as noted
by Fine [4].



Theorem 3.3 (Completeness). If =1, then ¢ in K.

Proof Let h = ht(¢), and n = ord(¢)). We assume that that = 1; i.e., ¢ holds at all worlds of
all models. In particular, for all & € Cp,,,, we have (B, ,,, o) = 9. We work in K. By Lemma 3.2,
F o — 1 for all a € Cp,,,. But then by propositional logic, - \/Cy , — 9. And as we know from
Lemma 2.6, = \/ Cj . So as desired, - 1. -

Corollary 3.4 (Decidability). It is decidable whether |= 1 or not.

Proof Let h be the height of 1), and n the order. Consider By, ,,. This model can be constructed
(computably) from the numbers h and n. If we want to see whether ¢ is true in all models,
we need only look to see if it is true at all points in that one (big, but finite) model. And the
evaluation is again a computable matter. -

4 The models C,, (L)

At this point we have completeness for K, and we would also like to have it for logics like T, S4,
etc. For this, the model of the previous section is not good enough. Let L be a normal modal
logic. When we have two logics, say L and M, we write L < M to mean that every axiom of
L is provable in M. We define Cy,,,(L) = (Chn(L), %), the canonical model of L-consistent
fomulas of height h and order n:

1. Chp(L) ={a €Chy o is consistent in L}.
2. % [ iff a AOS is consistent in L.
3. v(p) ={a:Fa—p}.

The important thing to notice first is that the % relation here is quite different from the
relation ~» in By, ,,. Our relation < comes from Kozen and Parikh [7]; it is the central way in
which our development of the subject differs from that of Fine [4]. Again, the symbol for the
accessibility relation was chosen to avoid the confusion with logical implication. (And we don’t
use ~» to avoid confusion with the models By, ,.) The particular relation ¢ has an intuition
behind it. We take the canonical sentences to be “maximally informative” (up to their height
and order). The main quest in this paper is for a model construction using them. Now in any
Kripke model of L, say A = (A, —), if a — b, then a4, A Oy is satisfiable and hence consistent
in L, where o, and oy are the sentences of Cj, ,, satisfied by a and b in A, respectively. Hence
Qq S ap. But we don’t want to define % in terms of models; we prefer a definition that is
more “syntactic”. And so instead of saying a % ( iff there is some L-model A containing a — b
such that a, = a and «ap = (3, we use the consequence of this, that a A &3 be consistent in L.

4.1 Examples

This section constructs Cj (L) for various values of h and L. (In all of our examples, n = 1.
So instead of writing p; or —p;, we simply write p or —p.) The case of h = 0 is degenerate in
our examples: Cp, is a complete model on 2" points. However, this is neither interesting nor
important: our results would do not use the structure of Cp,, and so we could re-define things
and still obtain the same overall results. Most of our examples are shown in Figure 1.
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EA KRR
K T K4
o« o) o« o)
AN 4 N 4
a7 =—= Qg a7 <—— Qg

(073 (%]

KB S4

a7 =<—> O a7 <—— (g

C
C
C

a1 a2

KB4 S5
Con wy  Co )

a7 <——> Qg a7 <—— Qg

O O O O

Figure 1: C; (L) for various logics L. The formulas a4, ..., ag are from Example 2.1.
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First we construct the model C; ;(K). The eight elements C;; are all consistent, and we
listed them with names in Example 2.1. The points satisfying p are those on the left side of
the figure: oy, as, as, and a7. We retain this convention in all of the models pictured in this
paper.

Here are a few comments that go with Figure 1. All eight formulas a1,...,ag are all
consistent in K4. But we lose some arrows in C; 1 (K4). Specifically, we lose a5 — au, a5 — as,
a4 — s, g4 — a7, a3 — oy, and ag — as.

Of the eight elements of C; 1, only four are consistent in S4. Cy1(KT) turns out to be the
same as Cq1(5S4). In Cy1(KB) and Cy (K B4), the points o; and ap have no outgoing arrows.

Example 4.1. Using our work on C; 1(54), we construct Cq 1(S4). We begin with the following
elements:

pr = {013,%,@7,98}7\10 pfg = {04370467(17,98}7/\ﬁp
B2 {as, 6,07} Ap Bo {as, as, a8} A-p

Bs = {as,ar,as} Ap P = {ag,ar,a8} A-p
Bs = {as,ar,as} Ap pu = {as, a7, ast A-p
Bs = {as, a7} Ap Pz = {ag,asf A-p

Bs = {ar,as} Ap fis = {ag,ast A-p

Br = {asz} Ap Pra = {ag}A-p

These are the elements of Co 1 consistent in S4. The structure as always is given by 3; % 3; iff
Bi A OB; is consistent in S4.

It does take a lot of work to get the full structure, and we admit that we got the help of
a computer program for this.! A picture of the model is shown in Figure 2. The picture does
not show the reflexive arrows on all points, or the arrows from £ and (s to all points. It also
does not include the information that p is true exactly at (1, ..., G7.

4.2 Properties of C;, (L) and easy completeness results

The models Cy, ,(L) are our main objects of study.
Lemma 4.1. In L, - &Cp, ,(L).

Proof As we know from Lemma 2.6, in K, - @Cp, ,. And working in L, if o is not consistent
then - —a. =

Lemma 4.2. Let ¢ € Ly, ,,. Then
I.InK,FYp—\V{aely,: in K,;Fa—1}.
2. InL,FiY o \V{aely,(L): in K, a— ).

Proof Let S be the set of a € Cp, such that F o — 4. Then - \/ S — 9. And for a ¢ 5,

Fa— -1, Sok 1y« \/aech,n(a ANp) =V geglaANY) =\ cqga.
(2) follows from (1). and Lemma 4.1. -

!We used the Logics Workbench: http://www.lwb.unibe.ch/
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Figure 2: Cy(S54), omitting all self-loops and most arrows from 3; and fs.
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Lemma 4.3 (Existence Lemma). Let ¢ € Ly, ,, let ¢ be arbitrary, and suppose that o N 1
is consistent in L. Then there is some o € Cppn(L) such that ¢ A Qo is consistent in L, and
Fa—1Yin K.

Proof By Lemma 4.2, we see that in L,
F oy o \/{Oa:a € (L) and in K,F a — 1}

So
I—cpA<>1/J<—>\/{go/\<>a:oz€Ch7n(L) and in K,F a — ¢}

By our assumption, the finite disjunction on the right just above is consistent in L. So at least
one disjunct must be consistent. This gives some a € Cp, (L) with the desired properties. -

Lemma 4.4 (Truth Lemma for Cy, ,,(L)). For all a € Cp (L) and all ) € L, (Chpn(L), o) =
Yiffra—1Yin K.

Proof By induction on ¢. The only interesting step is for 1), assuming the result for . Let
h and n be such that G € Ly, ,,. Note that ¢ € Ly, as well.

Assume that (Cp (L), a) = <. Let B € Cp (L) be such that a A O3 is consistent in L
and (Cp (L), 3) = 9. By induction hypothesis, - § — 1. Thus = &8 — $ip. We thus see
that o A O is consistent in L. As we know, either - o — <9 (in K), or F o — =<0 (in K).
But the latter case cannot happen, because it would contradict the consistency of a A O

In the other direction, suppose that - a — O. Since « is consistent in L, so is a A O, So
by Existence Lemma 4.3, there is some § € Cp, ,,(L) such that o A ¢ is consistent in L, and
F B —¢in K. Thus % §in Cp,, (L), and by induction hypothesis, (Cp »(L),3) = ¥. So
(Chan(L), ) £ O E

As a result of Lemma 4.4, (Cp, (L), ) = o for all a € Cp, (L).
Lemma 4.5. The following hold for all h and n:

1. If KT < L, Cp, (L) is reflezive.

2. If KD < L, Cy (L) is serial.

3. If KB < L, Cp (L) is symmetric.
Proof For (1), let a € Cpn(L). We must show that a % «; ie., o A Qo is consistent. If not,
then - o« — O=«. But by T, - O-a — —a. So - o« — —a. This contradicts the consistency of
« in the logic L.

Next, we prove (2). Let o € Cp (L), so a A OT is consistent in K D. By the Existence
Lemma 4.3, there is some § € Cp, (L) such that o A O is consistent. Thus a % 3 in Cyp, ,(L).

Finally, we show that Cp (L) is symmetric whenever KB < L. Suppose that o A Of is

consistent, but - § — O-q. Then - O — ¢O-a. By B, F a — OCa. So OCa A OO is
consistent (in L). This is clearly a contradiction. -

There is one final general property of the models Cj, ,,.

14



Lemma 4.6. Cy, (L) is strongly extensional: every bisimulation on it is a subrelation of the
identity.

Proof Let R be a bisimulation on Cp,,, (L), and suppose that & R §. Then « and [ satisfy
the same modal formulas. By Lemma 4.4, a = a. So 8 = a. Then by Lemma 4.4 again, we
have that in K, - 8 — «. In view of Lemma 4.1 above, we must have 8 = «; that is, distinct
canonical formulas imply each other’s negation. .

The results of this section give completeness/decidability results for the logics KT, KD, KB,
KTB, and KDB on the appropriate classes of structures. The proofs are routine modifications
of Theorem 3.3 and Corollary 3.4. We illustrate this point with K B.

Theorem 4.7 (Completeness). If 1 holds at every world in every symmetric model, then t 1
i KB. Moreover, the property of being provable in KB is decidable.

Proof Let h and n be large enough so that ¢ € Ly, ,. The model Cy, ,,(K B) is symmetric, and
so each o € Cp, ,, (K B) satisfies ¢ init. Soin K, \/Cp,,(KB) — 9. Butin KB, - \/ Cy (K B).
Hence in KB, - 1.

The decidability is again a corollary to the proof above: 1 is provable in K B iff it holds at
each world of Cy, (K B), where the numbers h and n are obtained recursively from 1. Now at
this point we do not know that the model Cp, ,,(K B) itself is recursive in h and n. But given
h and n, we can compute m = F(h,n) as in Proposition 2.5. Then from this we compute all
symmetric Kripke models on at most m nodes. From these we can tell which elements of Cy, j,
are consistent in K B. And since one of the symmetric models will indeed be Cj, ,,(KB), we
can see for o, B € Cp (K B) whether or not aw A O is satisfiable on a symmetric model of size
< m or not. This latter question is the same as whether of not a A & is consistent in K B, by
completeness. So from m we can compute the structure of Cy, ,,(K B) by examining all possible
symmetric models of size < m. -

Here is a more abstract formulation of the last result.

Theorem 4.8. Let L be a logic, let C be a class of finite structures, and assume the following
conditions:

1. L is sound for C.
2. Membership in C is decidable.
3. Each Cp,,, belongs to C.
Then L is complete for C, and provability in L is decidable.

We emphasize that the decidability part of the last result is particularly crude.

5 Applications

This section contains applications of the models Cj, (L) to the weak completeness of a number
of modal propositional systems.
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5.1 Logics built from 4, D, T, and B

The completeness results for K4 and the analog of Lemma 4.5 for the standard logics extending
it are harder to come by. It is instructive to look at the argument for Lemma 4.5, and then
to attempt to prove the same result for transitivity and K4. Let us assume that a A &8 and
B A O are both consistent in K4; we must show that o A Oy is also consistent in K4. As
it happens, this is the case, but the argument is not the kind of “soft” argument we saw in
Lemma 4.5. More to the point, the argument for KB in Lemma 4.5 did not use the fact that
the formulas o and 3 belonged to Cp, ,,(K B): the fact there was a general fact that held for all
formulas whatsoever. But for the harder results here, we actually need to use the fact that we
are dealing with canonical formulas. This is because it is not in general true for any formulas ¢,
1, and Y, that the consistency in K4 of ¢ A Oy and ¥ A Oy implies the consistency of p A Oy.
(Consider, for example, p = p A OOp, ¢ = —p, and y = O-p.)

Despite this, one can show that Cp ,(K4) is transitive; see results later in this section.
But the argument is indirect and goes through a model My, ,(K4) which is easily seen to be
transitive and later by an argument turns out to be the same as Cj, ,(/K4). The same strategy
works for other logics, but different logics require different work. So we have an overall open
question: is it true that for every logic L such that K4 < L, Cj (L) is transitive for almost all
h? We believe the answer should be no, but we not aware of a counterexample.

In this section - o means that « is provable in K4 (unless noted otherwise, say as provability
in K).

Lemma 5.1. For every o € Cpy1,, there is a unique o € Cpp, the derivative of o, such that
in K, Fa— a'. Moreover for all logics L, if o € Cpt1,(L), then o € Cppn(L).

Proof By Lemma 2.6, there is some 3 € Cp, such that (Cpy1,,) = 8. But 8 must be
unique, since we also have = @Cp, . .

Example 5.1. We use the notation from Examples 2.1 and 4.1. First, o) = a3 = af = of = p,
and oy = o)y = oy = ag = —p. Using this, we have 3] = 85 = --- = B = a7, (F = o3,
By =+ = Bl = o, and i}, = ag.

Lemma 5.2. Let o % 3 in Cpyq0(L). Then in K, F o — Of.

Proof Assume that a A< is consistent. Since - 3 — 3, we see that a A<OS is also consistent.
Note that &4 € Ly41,,. Therefore - a — OF'. =

Lemma 5.3. Let K4 < L and let « % 3 in Cpy10(L). Then if o € Ly, and = 3 — Oy, then
Fa— Op.

Proof Suppose that - 3 — G, Then again a AOOp is consistent. But in K4, F OOp — Oy,
Therefore a A O is consistent, so F a — . -

As mentioned above, our study of the models Cj, (L) goes via the study of models which
are prima facie different from Cy, ,,(L). The main ones are the models My, ,,(L) = (Chpn, ™ ),
defined as follows:

1. My (L) = Copn(L).
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2. The valuation on Mj,y1 (L) again has v(p;) = {a : F o — p;}
3. The accessibility relation on My 1 (L) is defined by o [ iff

(a) Fa— OfF, and
(b) whenever v € Cpj, is such that F 5 — O+, then also - a — 0.

Incidentally, as with all our models, the case of h = 0 is not so significant. We could have
defined the structure differently for h = 0 and very little would have changed.

Lemma 5.4. Let K4 < L. If o % (3, then o™ (.
Proof This follows from Lemmas 5.2 and 5.3. o
Lemma 5.5. Concerning the models My, ,,(L):

1. My, (L) is transitive.

2. If KT < L, then My, (L) is reflexive.

3. If KD < L, then My, ,,(L) is serial.
Proof My ,(L) is easily transitive. We therefore consider only the models My, ,,(L). Suppose
that o™ 3™ ~. We show that o™ . Since 32 ~, we have - 8 — O+, It follows from this
and the fact that o™ [ that - o — <+/. This is half of what we want. For the other half,
suppose that -y — 4. Then F g — &4, and so also - a — 4.

Turning to the second part, KT' < L, then - a — <a for all o € Cp,,,(L). Consequently,
M, (L) is reflexive.

For part (3), suppose that KD < L. Let o € Cp, ,(L). Then - a — ¢T. By the Existence
Lemma, let 3 € Cp, ,,(L) be such that a % 3. Then also o™ f. =

Lemma 5.6. Each model My, ,,(L) is strongly extensional.

We shall need Truth Lemma for the models My ,(L). But it makes sense to prove a a
generalized version of the Truth Lemma, based on the following definition.

Definition A relation ~» on Cp, (L) is suitable if the following two properties hold:
1. f % Bin Cp (L), then oo~ (.
2. If a~ B3, then - a — ¢4,
The main example so far of a suitable relation is % on Cp ,(/K4). But there are others,

for example the symmetric closure of ™ on Cj (K B4). For the connection of this notion to
filtration, see Section 7.1.

Lemma 5.7 (A Generalized Truth Lemma). Let ~ be a suitable relation on Cp n(L). Then
for all a € Cp (L) and all ¢ € Ly, 1, ((Chn,~),0) E Y iff Fa— 4 in K.

Proof By induction on . -
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Lemma 5.8. Cp,,,(K4) = My, ,,(K4).

Proof We need only check that if o™ 3, then a-% 3. We apply Lemma 5.7 to M, ,,. We see
that (Mp, ,(K4),a) = a A <CB. Since the model My, , (K4) is transitive, o A &5 is consistent in
K4. Thus a5 (. .

Theorem 5.9. Every o € Cp,(K4) is satisfied on some finite transitive model. Thus K4 is
complete for transitive models, and also decidable.

Completeness of S4, KD4, KB4, and S5 At this point we extend our results to the
standard logics which include the 4 axiom.

Lemma 5.10. M}, ,,(54) = Cy,,(S4).

Proof As in Lemma 5.8, we observe that if o™ 3, then a A O is satisfied in the world «
in the reflexive and transitive model My, ,(S4) (see Lemma 5.5). Hence a A O is consistent in
S4; ie., aS G. -

As a result of Lemma 5.10, S4 is complete for reflexive transitive models, and it is also
decidable. A similar result holds for K D4. However, things are different for K B4:

Proposition 5.11. M, ;(KB4) # Cy1(KB4).

Proof Let a=pAOpAO—pADO(pV-—p), and B = -pAOF. Both are consistent in K B4, since
both are satisfiable in symmetric transitive models. Then o/ = p and 8/ = —p. So F a — <4,
In addition, there no 7 such that - 3 — <«. This shows a™ 3. But F (a A ¢f) — OOF, and
so in KB4, a A < is inconsistent.

A related point: ™ on M} ,(KB4) is not symmetric: as we have seen, o™ (. But
t B — <©d, so the converse does not hold. -

To modify the work of this section to get the completeness result for K B4, we must therefore
do more. Define a model Mj;” (L) to be the same as My, (L), except that

a3 iff both a™ [ and §2% «.

From Lemma 5.4 we see that if KB4 < L and a5 3, then a ™% 3. The definition of 7%
implies that this relation is symmetric and transitive. Moreover, if K'T' < L, then ™% is also

reflexive (see Lemma 4.5). The Generalized Truth Lemma 5.7 applies to M, Then as in
Lemma 5.8, we see that Cp, ,,(KB4) = M, (KB4), and Cj ,(55) = M (S5).

5.2 K45 and KD45
Proposition 5.12. M ;(K5) # Cy1(K5) and M, 1(K45) # Cy 1(K45).

Proof We follow the proof of Proposition 5.11. Again we set « = p A Op A C—p AO(p V —p),
and B = -pAOF; so a™ 3. Also o = p and = —p. Both a and 8 are consistent in S5,
since both are satisfiable in equivalence relations. Also, @™ «, since - o — ¢a’. But working
in K5, we have - ¢ — OOF, and - o — OT. Sok aAOf — (OT ACOF). Thus a A Of is
inconsistent. .
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Lemma 5.13. Let K5 < L. Let % 3 in Cpyq0(L). If v € Chp and F a — O, then
FG— On.

Proof Ifnot, - (3 — O-y. So - O — OO—y. But a A & is consistent, and so is a A OO—y.
Thus K5, - &O-y — O—vy. so a A O—7 is consistent. By earlier work, - o — O—-y. But this
contradicts the consistency of a. .

We define models Ny, (L) = (Cpn(L), 2 ) by the definition we saw above for the models

M, n (L), except that we add an additional condition on the accessibility relation % :

(4c) whenever v € Cp, , is such that = o — O, then also = 3 — O.

Lemma 5.14. Let K45 < L. Ifa % 3, then a % (.
Proof This follows from Lemmas 5.2, 5.3, and 5.13. =

Lemma 5.15. Concerning the models Ny, ,(L):

1. Npn(L) is transitive and euclidean.
2. If KT < L, then Ny, (L) is reflexive.
3. If KD < L, then Ny, ,(L) is serial.

Proof Ny,(L) is easily euclidean. We therefore consider only the models Njyq,(L). For
the transitivity, suppose that a % 3 and 2 ~. We show that a2 ~. Since 2 -, we have
F 3 — ©4'. And then the fact that o (3 implies that = 8 — ©4/. Suppose next that
Fa — &6, where § € Cpn(L). Then also - § — <4, and in addition we have vy — &4§. The
converse also holds, and we have transitivity.

We turn to the euclidean property. Suppose that o 2% § and a2 ~. We show that 52 ~.
First, since - @ — ¢4/ and a % 8, we have - 3 — &4/, Suppose that = 3 — <§. Then
Fa— &4, since a (3. And then since a2 «, we have v — <4, as desired.

Turning to the second part of this lemma, if KT < L, then - a — <a for all a € Cp, ,,(L).
Consequently, Ny, (L) is reflexive.

Finally, suppose that KD < L. Let o € Cpp(L). Then F o — OT. By the Existence
Lemma, let 3 € Cp, ,,(L) be such that a % 3. Then also o % (3. -

Lemma 5.16. Cj ,(K45) = Ny, ,(K45), and Cp, (K D45) = Ny, , (K D45).
Proof Asin Lemma 5.8: We use Lemmas 5.7, 5.14, and 5.15. .

5.3 K5 and KD5

It is worth mentioning that the C models cannot be used to obtain the standard completeness
results for these logics.

Proposition 5.17. C; ;(K5) and C; (K D5) are not euclidean.

Proof In the notation of Example 2.1, we have a5 % ag and a5 % ag. (The easiest way to
see these is to observe that as A Cag and as A Cag are satisfiable on euclidean serial models.)
But ag £ ag. This is because F ag — O-p, so in K5, F Cag — O-p. And F ag — Op. So
ag A Oag is not consistent in K5. =
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5.4 K4McK

McK is the logic generated over K by the McKinsey axioms OO¢ — OOg. The logic S4.1, S4
with the McKinsey axioms was shown to have the finite model property by Segerberg [11]. We
shall consider K4McK in this section, but our work applies to S4.1 with only small changes.
Our result is that K4McK is sound for the class Cys.i of transitive frames with the property
that every x € F' has a successor y which has at most one successor.

Lemma 5.18. For h > 2, the frame underlying My, ,(K4McK) belongs to Chek -

Proof Write M for the model M, ,,(K4McK), and we write M for its universe, C, ,,(K4McK).
M is transitive by Lemma 5.5, part (1). We therefore show that every a € M has a successor
[ which itself has at most one successor. We argue by contradiction.
For each v € M, let
’yﬂ> = {6:y™ §}.

We claim that each set ’ym’ is non-empty. To see this, we recall that KD < K4McK and use
Lemma 5.5, part (3). (To see that KD < K4McK, note that in K, - OOF — OF. In KMcK,
F OOF — ©T. So we then have in KMcK that - —=O<F; in particular F ©T.)

Towards a contradiction, let « € M have the property that no element of a™ has just one
SUCCESSOT. By transitivity, a™ s closed under - . By finiteness, there is a non—emﬂgty set
S C o which is C-minimal with respect to this closure property. For each v € S, v =8
by minimality. And since S # (), our overall assumption in this paragraph implies that there
are distinct elements in S, say v # 6. Now -y and § must disagree on some atomic proposition:
otherwise they are bisimilar in the model, and hence equal by Lemma 5.6. Suppose that v = p
and ¢ = —p. Considering S, we see that v = OOCp. By Lemma 5.7 and the assumption that
h > 2,in K we have F v — OCp. In KMcK, v — <0Op. By the Existence Lemma, there
is some € € M such that € = Op and 0 % € (so also § ™ ¢€). By minimality, e™ =5, and so
€% §. But now § = p. This contradicts our earlier fact that § = —p. -

We deduce that Cyp, ,(K4McK) = My, ,(K4McK) for h > 2. Also, we see that K4McK is
complete for models whose underlying frame belongs to Cscx -

5.5 KO*

The next logical system we study is called KO*. It is K with the normality axioms and
necessitation rules for both O and 0%, together with the following two axiom schemes:

Mix O%p — (p ADO%p)
Induction (o A O*(p — Op)) — O%p

These are the versions of the Segerberg axioms for PDL tuned to this simpler system. This
system K O* is sound when O* is interpreted by the reflexive-transitive closure of O; The rest
of this section is devoted to a proof of completeness of KO*.

Before this, we need a small point on the multimodal versions of our results. In general,
working with more than one modal operator is straightforward in our approach. More precisely,
it is straightforward to define the canonical formulas and the analogs of the Cj,,, models in the
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multimodal setting. But it always takes extra work to deal with logics that incorporate non-
trivial interaction axioms. This should be no surprise, since even in the monomodal setting one
needs special work for the axioms.

We build Cp,,,(KO*) the same way we built Cj,, except that we take O and O* to be
independent modalities. That is, we change (4) to

(A ow) A @R A (Ao A @\ AND AN 6

YER PeS pidT

But Cj,(KD¥) is the set of formulas of this form which are consistent in KO*. We define
the height of a formula ¢ € £(O*) by the same induction as earlier, except we also say that
ht(O*p) =1 + ht(p). The analogs of Lemmas 2.6 and 2.7 hold.

Lemma 5.19. Let o, 3 € Cpn(KO*) and O*¢ € Ly, . Suppose that a S 3 and = — OF.
Then F a — $*p as well.

Proof If not, then F a — O%=p. We also have - &8 — OO*p. Since a A O is consistent, its
consequence O*—p A OO*p is also consistent. But by Mix, F OO*p — O*p. Thus O%—p A O
is consistent, and this is absurd. =

C

We say that a set X is closed under < if whenever o € X and a-% 3, then 8 € X as well.

Lemma 5.20. Let X C Cp,,(KO%) be closed under < . Then - \/ X — 0O"\/ X. Moreover,
forallae X, Fa— 0%\ X.

Proof We check that - \/ X — O\/ X. (Then it follows from the induction axiom that
FVX — 0V X.) If not, / X A &=\/ X is consistent. Then for some v € X, a A 0=V X
is consistent. Note that =\/ X € L}, ,, so we apply the Existence Lemma: let 3 be such that
as fand - — —\/X. Then § ¢ X. But then we see that X is not closed under < | a
contradiction. Finally, for all « € X, Fa — \/ X. SoF a — 0\ X as well. -

Lemma 5.21 (Truth Lemma for Cy, ,,(KO*)). For all a € Cp, ., (KO*) and all 1 € Ly,
(Chn(KO%),0) E iff Fa—q in KO

Proof By induction on . The step for $i is the same as in Lemma 4.4. We only give the
induction step for ¢*1 formulas.

Let &* € Ly, ,,. First, suppose that (Cp,,(KO*), a) |= $*p. We check by induction on the
length [ of the shortest path witnessing this that - o — O*4. For [ = 0, we have o = 1, and
the induction hypothesis shows F o — 1. And by Mix, F ¢ — $*i). Assume the result for [,
and suppose that o = &%) via a path of length [ + 1. Let oS § and § = <©*1). By induction
hypothesis, F 8 — ¢*y. By Lemma 5.19, F a — O*.

In the other direction, assume that - a — <$*9. Let X be the set of 8 € Cp, (K 0*) such
that there is no path in the model from 3 to any ~ such that v |= 1. Note that X is closed
under % . We must show that o ¢ X, for then our semantics tells us that o = O*y. If a € X,
then by Lemma 5.20, F a« — O0*\/ X. For f € X, F § — —¢. Sot+ \/ X — =, and it follows
that F a — O0*—¢. And we have a contradiction to F o — $*. -

Theorem 5.22. KO* is complete and decidable.
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6 Two modifications

In this section, we present two further completeness results. These have the property that the
models Cp, (L) are not directly usable; one must modify them in some way or other. This
section may be omitted without loss of continuity.

6.1 Oy« Op

We consider T'r, the logic K together with the axioms Oy < <$@. The corresponding frame
condition is that every point has exactly one successor; that is, the frame is the graph of a
total function. We'll write L in this discussion for this logic. As it happens, Cp, ,,(L) is never a
function. The situation is simple enough that we can give an explicit description of the model
Chn(L). Recall the sets SD,, of state descriptions of order n; see equation (1). The set Cp (L)
of worlds of the model Cy, ,,(L) is isomorphic to the set of sequences of length h of elements of
SD,,. We write such a sequence as

s = (51,....5).

The atomic formulas true at s are those implied by S1. Given two such sequences, say the
one above and also t = (T1,...,Ty), we say that s — t iff So = T4, ..., S, = Tp—1. In this
way, each point has 2" successors. The overall model is thus not a function. The isomorphism
i : W — Cppn(L) is given by

i(s) = SIAOH(SAOT(--AOFE,)

where Ot abbreviates Gp A Dp.

We can, however obtain a completeness result by modifying the model. Let D be any subset
of Cp»n(L) which is a total function. (D may be obtained by starting with any node, following
the arrows in any way whatsoever, and stopping on a repeated node.) An induction on i shows
that for 1 < ¢ < h and ¢ € L;, and all s and ¢t such that 51 = Ty, ..., S; = T;, we have
(Chn(L),s) = ¢ iff (Cppn(L),t) = ¢. Then an induction on ¢ € Ly, shows that for s € W,
(Chn(L),s) E ¢ iff (W,s) = ¢. It follows that for a € Cpp, (W,i~ (a)) | a. In particular,
every L-consistent « has a functional model.

6.2 The Lob logic KL

Recall that the Lob axioms are those of the form O(0p — ¢) — O¢, and KL is K together
with all of these axioms. Recall also the standard fact that K4 < KL. (It would have been
nice to find a semantic proof of this by studying Cp, ,,(K L) directly, but we were not able to do
this.)

In this section, we study a variant Dy, (L) = (Cpn(L), % ) of Cpn(L), and we show that
this model is transitive and converse wellfounded. This gives the completeness and decidability
results for the logic KL on finite transitive tree models.

We define a-% 3 if o 3, and for some ¢ € Lhn, W a — Gpand F 3 — O-¢p. The
valuation on the model is the obvious one.
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We also define N}, | (L) = (Chn(L), —n+) by the same definition of My, ,(L), except that we
also add

(3¢) there is some « € Cp, ,, such that - o — O, but F 5 — O-y.

Since K4 < L we have that if a4 3, then a —xn+ 3 (see also Lemma 5.4).
Further, N} | (L) is transitive. To see this, suppose that & —n+ 3 —n= 7, and let v and
§ be such that - o — O and F B — O-y. Then we must have - v — O-y; for if not, then
Fvy— Oy,80 F 3 — Oy by Lemma 5.4.
Continuing, we claim that Nj (L) is converse wellfounded. That is, there are no infinite
paths
Qp —N* ] —N* Qg —N* - -

in the model. For suppose we had such a path. For each i, let ; € Cj,,, be such that - a; — O;
and = o1 — O=y;. Since Ly, is finite, we can fix some v* such that for infinitely many n,
v = v*. But then for some ¢ < j we have - o; — Ov* and F o — Ov*. However, by an
inductive argument using Lemma 5.3 backwards from j we also see that - a;41 — O~*. This
contradicts the consistency of a;11. This establishes our claim.

Lemma 6.1 (Truth Lemma for N} | (L)). Let KL < L. For all & € Cp (L) and all i € L 5,
(N} (L), ) E o iff o — 4 in K.

Proof We only give the induction step for ¢4 formulas. Let O € Ly, . Assume first that
(Nj (L), ) |= ©1p. Then just as in Lemma 4.4 we see that - o — O

In the other direction, suppose that - o — <1p. Then by the Lob axioms, F a — O(y A
O-9). Note that ¢ A O € Ly, as well. By the Existence Lemma 4.3, let 8 € Cp (L) be
such that o< 8 and - 3 — (» A O—-1)). The last condition insures that % 3. So a — N+« 3,
and we have (N}, | (L), a) E O -

Theorem 6.2. Concerning KL:

1. N;‘m(KL) =Dy n(KL).

2. KL is complete for finite transitive, converse wellfounded models.
Proof The first part is similar to arguments that we have seen. The two models have the
same set of nodes. If o % (3, then we know that a@ —x« B. Conversely, if o« —py+ 3, then by
Lemma 6.1, a A $f is satisfiable on some transitive converse wellfounded model, hence it is

consistent in K L.
The second follows from the first, as we have seen many times. -

Since we are interested in the models Cp, ,,(L), it is worth noting that for the logic at hand
we do have transitivity.

Theorem 6.3. C;, ,(KL) is transitive.
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Proof Let = be the relation on Cy, ,,(KL) defined by
ar~p iff foralldeCh1p,Fa—0iff -3 —46

Note in particular that if o ~ § that o and 3 are the same except for their atomic conjunct.
As a consequence, o/ = 3.

Further, note that o % ( iff either o« —n+ 8 or a = §. Turning to the transitivity, suppose
that a % 35 ~. There are four cases. Once case uses the transitivity of — y«, and another
the transitivity of ~. The remaining two cases are similar to each other; here is one: suppose
a —py« B~ Then - a — OF, so as OF = &4/, we have - a — 04/, Also, if - v — O4,
then also - 3 — <6 (since § = ). And then also - o — <4 (since o™ 3). Finally, if § is such
that F a — <6 but F 8 — O-9, then again we have F v — O=4. .

As it happens, Cy1(KL) = Cy,1(K4). This model is shown in the bottom right corner of
Figure 1. Some work with a computer program shows that Cy 1 (/K L) has 170 nodes.

7 Comparison with other work

One of the main points of this paper is the study of the models Cj, (L) and the application of
those models to completeness proofs. As a summary/conclusion to this paper, we mention the
relation of our work with that of others, especially the original paper of Fine [4] and also the
approach via filtration.

7.1 Comparison with filtration of the canonical model

Recall that Lj, ,, is the set of modal formulas of height < h and of order < n. Let Let Can(L)
be the canonical model of a logic L. This is the model whose worlds are the maximal consistent
sets in L, whose valuation is v(p) = {x : p € x}, and whose accessibility relation is z — y
iff whenever ¢ € y, G € z. For each h and n, each x € Can(L) contains a unique element
ag € Cp . The set Ly, induces an equivalence relation = on Can(L), where z = y iff o, = .
This is the same relation as x = y iff x N Ly, = y N Ly,. We recall also the Truth Lemma for
Can(L): WEeiff o€ W.

For each a € Cp, , (L), Can(L) contains Thc (), the set of formulas satisfied by o in the model
Ch,n- Note that aryq) = @, and Th(a;) = x. (But in general, we do not have Th(a,) = x.)

Recall also that in view of the Truth Lemma, a filtration on the canonical model through
L,y is a relation R on Can(L)/ = such that

1. if z — y, then [z|R[y];
2. if [z]R]y], Op € L}, and ¢ € y, then also Oy € .

The smallest filtration is Ryun, given by [z]R[y] iff 2/ — ' for some 2’ = z and y' = y. The
largest is Rynqq is given by [x] Rz |y] iff whenever Gy € Ly, and ¢ € y, Op € .

Theorem 7.1. There is a one-to-one correspondence between filtrations of Can(L) through Ly,
and suitable relations ~ on Cp n(L). The correspondence associates to a filtration R the suitable
relation ~r given by

a~p B iff [Th(e)]R[Th(B)].
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In the other direction, we associate to a suitable relation ~ the filtration R, given by
[‘T]R\* [y] iff g~ Ay
Each of these is monotone with respect to inclusion of relations. Moreover,

1. The minimal filtration of Ly corresponds to the accessibility relation < of Cp,,(L).

2. The largest filtration on Ly, , corresponds to the suitable relation ~ given by o ~ B iff
Fa— 3 in L.

Proof There are a few things to check here. We begin with the verification that if R is
a filtration, then we check that ~»p is suitable. Note that if a5 (3, then Th(a) — Th(S)
in Can(L). And then by the first filtration condition, we have [Th(«)]R[Th(3)]. Therefore
a~g . And if a ~ g 3, then we show a A &3 is consistent in K; it follows that - a — O’
in K. Note that in the filtration Can(L)/R, [Th(«)] | « and [Th(B)] = 8. These hold by the
Filtration Lemma and the Truth Lemma of the canonical model.

In the other direction, assume that ~» is a suitable relation on Cp,(L). We check that
R, is a filtration of Can(L). Suppose that x — y in Can(L). Then in the canonical model,
T E oy A Cay. So ay A Cay € x. Therefore a, A Cay is consistent in L ie., a, % ay. We
then have ay ~» ay. Thus [z]R[y]. And suppose that [z]R]y], O € Ly, and ¢ € y. In Can(L),
y E 1. By the Filtration Theorem, [y] = ¢. So[z] = <y, and thus O € z as desired.

To check that the two correspondences are inverses:

a~p. B it [Th(a)]R.[Th(B)]
it arn@) ~ Brup)

iff a~ 3
and also
@Ry aoray
iff  [Th(aw)]R[Th(ay)]
it  [z]R[y]

The monotonicity point in our theorem means that if Ry C Ry are filtrations, then ~»p, C~>p,.
This is immediate from the definition, as is the parallel point in the other direction.
We next turn to the additional assertions. Now

a~pg,, 8 it [Th(a)]|Ryin[Th(B)]
iff (F2',y")2' = Th(a),y = Th(B),2 — v/
iff agr N\ OBy is consistent
iff a A $f is consistent
iff a8

Finally,

O~ Roas B iff [Th(a)]Rmaz [Th(ﬁ)]
it  Op e Ly, and (Chy,B) = ¢ imply (Chp, ) = Op
iff Op € Ly, and F 3 — ¢ imply (Cpp, ) = Op
iff Fa—opf
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In view of the results of this paper on C, ,,(L), one might at first glance think that we could
profitably consider the models Dy, ,,(L) := (Chn(L),~R,...) Obtained by the largest filtration.
However, these models are usually not interesting. For example, it is easy to check that Dy, ,,(K4)

is has more edges than Cj, ,,(K4); specifically, @/\p has outgoing arrows in Dy, ,,(K4). This means
that Dy, ,(/K4) is not transitive. The upshot is that the models Cj, ,(K4) are more appropriate
vehicles for completeness results.

The canonical model as a limit Since we have been discussing the canonical model, it
might be useful to mention a sense in which the canonical model may be regarded as the limit
of the models Cy, (L) that have been the main objects of study in this paper. It is not entirely
clear how to make this precise.

Fix a number n, and let £, = J,, L. This is the set of formulas on the first n atomic
propositions. Let Can, (L) be the set of consistent formulas in £,, made into a Kripke model
in the expected way. All of the work we do in this section is independent of n, so we shall drop
it from the notation.

Recall that an n-bisimulation between Kripke models A and B is a sequence Zy O Z7--- 2 Zj,
such that

1. If aZyb, then a and b agree on atomic propositions.
2. If aZ;+1b and a — a*, then there is some b* such that b — b* and a*Z;b*.
3. If aZ;11b and b — b*, then there is some a* such that and a*Z;b*.

For more on this, see, e.g., Blackburn, de Rijke, and Venema [3], pp. 74-75. We will also speak
of an w-bisimulation as an infinite sequence with the properties above for all 7. It is well-known
that this is weaker than a bisimulation.

Proposition 7.2. The following sequence
2" = Zy27--22

is the largest h-bisimulation between Cpyq (L) and Cp(L): aZ;3 iff a and [ satisfy the same
formula in C; . In terms of derivatives, oht1=0) — gh—i),

Proof It is clear that if aZy3, then a and 8 agree on atomic propositions. We check one of
the zig-zag conditions. Suppose that « and [ agree on the same canonical formula of height
i+1, say v, and also that a4 «a*. Let d be the element of C; ,, satisfied by a*. Then - v — &9,
since v A O4 is consistent. From this, 8 = ¢4d. So for some 5* such that 8- 5%, 5* = 6. This
means that 0 is the element of Cp, ,,(L) satisfied by (.

For the uniqueness, recall that if two points in any models are related by an h-bisimulation,
then they satisfy the same modal formulas of height at most h. For 0 < ¢ < h, the modal
formula of height i satisfied by a in Cpyq,, is o179 (this is the (h 4 1 — 4)-th derivative of
a, and the modal formula of height i satisfied by 3 in Cy, ,, is ph=i), -
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Consider the infinite sequence along the top below:

Z
Con(L) <22 Cy (L) <2 Cop(L) . Chn(L) <2 Cpyrn(L)
7rthl
Can, (L)

So the relations on the top line are stronger and stronger with h. (That is, the diagram above
is not a diagram in a category in the usual sense, since the relations (morphisms) involve are
required to be have different properties.) The h-bisimulation 7" is the sequence Yo D Yy --- D
Y},, where Yo iff x and « satisfy the same formula in C;,,(L). It is not hard to check that for
all h, 7" is an h-bisimulation. Moreover, the diagram commutes in the appropriate sense: for
all h and all 7 < h, Yih = Zzh o Yithl as a relational composition.

Proposition 7.3. Can, (L) is the limit of the sequence Cy, (L) < Cpiq (L) in the sense that
if A = (A, —,v) is any L-model and for all h, p" = Zy D Zy D ---Z) is an h-bisimulation
between A and Cp, (L), then there is a unique w-bisimulation Ry O Ry D --- such that for all
h, p" = 7" o Ry,. Moreover, there is a total bisimulation between A and Can,,.

Proof (Sketch) The hypotheses imply that for all h, if aZp«, then (A,a) = «. It then turns
out that the map d : A — Can,, given by d(a) = {¢ : (A, a) = ¢} is the unique bisimulation.
The w-bisimulation between them is defined similarly. -

7.2 Comparison with Fine’s original treatment

In this section, we return to our discussion from the Introduction concerning Fine’s paper [4]
on this subject. What we want to do here is to review details on his model &}, ,,, the vehicle for
proving completeness of K4. We show that it is the same as Cp, ,,(K4).

For any formulas a and 3 in Cp,, we say oS3 if for all v € Cp—1, F B — O implies
F a — <. Here the provability is in K. A formula o € Cp,,, is K4-suitable if for 8 € Cp,—1
and v € Cp—op, if Fa — OB and - B — O, then there is some § € Cp,—1 5, such that - a — &9,
0 =+, and 5.56.

We define a model (&, 5, R) as follows: the worlds of the model are the K4-suitable formulas,
and the accessibility relation is aR3 iff F o — ©3 and a S 3. The valuation is the obvious
one. It is clear that R is transitive. Note that the logical system K4 plays no role in any of
these definitions.

The following result is neither surprising nor trivial:

Proposition 7.4. M, ,,(K4) = Cp, ,(K4) = €.

Proof First we check that every o € Cp,,(K4) is K4-suitable. For this, we call on Lemma
4 from [4]. That result concerns the property of a € Cp,,, being K4-suited: if 8 € Cj—2,, and
Fa — OO, then for some v € Cp—1, ¥/ = 5, and F o — Ony.

We claim at this point that for all n, every a € Cp ,(K4) is K4-suited. For suppose that
B € Ch_2., and F a — OB, Then in the model Cp, ,(K4), o = OOB. So let 4#, 6% € Cp (K 4)
be such that a - v# < 6% and 6% = ©B. Then the second derivative of §% is exactly 3. We
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take for v the first derivative of §%. We have 7/ = §. Further, by transitivity of the model
Chn(K4), oS 6%. So in the model, a = ©. By the Truth Lemma, F o — O.

We also claim that for every o € Cp, ,(K4) there is some 3 € Cpy1,(K4) such that 5/ = a.
To see this, let 3 be the canonical formula of height h satisfied by « in Cj44,. This model
is transitive, so (3 is consistent in K4. We have - 3 — « by properties of Cj ,,, and so indeed
a=/7.

Lemma 4 of [4] tells us that if « is K4-suited, then o’ is K4-suitable. Combined with the
results of the last two paragraphs, we see that indeed every o € Cp,,(K4) is K4-suitable.

Theorem 5 in [4] proves that (€, ,,«) = a for all K4-suitable a. Further, R is transitive
on the model. So we see that each K4-suitable « is consistent in K4. Thus, the two models
Chn(K4)and €, have the same worlds. If is immediate from the definitions that the two

relations ™ and R are the same, as are their valuations. =

8 Conclusions and open problems

This paper has not presented new results. We take its main contribution to be a demonstration
that model constructions can be based on canonical formulas. To put things in a different light,
recall that in first-order model theory, one of the basic constructions is the Henkin model: one
build a model from a set of first-order sentences. One would think that finite models could
be built from sentences in certain settings. This idea cannot work out for first-order logic in
general, since the logic lacks the finite model property. But for modal logic, or any logic with the
finite model property, it is natural to ask for model constructions that based on the syntactic
objects and closely related notions (such as the consistency of some formula in some logic). This
is what we studied in this paper. The fact that the results could have been obtained otherwise
does not detract from a direct development.

After seeing Theorem 7.1 on filtration, one might question this paper. After all, if the specific
completeness results are already known and if the particular models happen to be obtainable
as special cases of known work, what exactly is gained? There are several responses. Even if
one is happier with the classical development than with our re-working of it, it still might be
useful to know about the minimal filtration of the canonical model through Ly, ,,. So all of our
work could be re-cast as a body of results on that particular topic.

We close the paper by reiterating the open problem from Section 5: is it true that for every
logic L such that K4 < L, Cj, (L) is transitive for almost all 7 This turns out to be true for
the extensions of K4 in this paper, but the proofs are so different that one doubts that a single
result is behind them.

We also think it would be interesting to pursue other aspects of modal logic using the
model constructions from this paper. For example, one might hope for a treatment of the
computational complexity of various logics based on the models Cj, ,(L).
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