
CMSC427 
Geometry and 
Vectors: Metrics and 
the Dot Product



Euclidean geometry

Add distance metric to Affine space

Measure distances and angles

Inner product 



Vector magnitude

The magnitude (length) of a vector is

v 2 = 𝑣𝑥
2 + 𝑣𝑦

2

v = 𝑣𝑥
2 + 𝑣𝑦

2

A vector of length 1.0 is called a unit vector

To normalize a vector is to rescale it to unit length 

n𝑣 =
v

v

Normal vectors represent direction and are used for:
light direction, surface normals, rotation axes 



• Inner product between two vectors

• Defined using coordinate-free cosine rule

• Example:

Dot product

𝐚 • b = a b cos(𝜃)

𝐚 =< 1,1 >
𝐛 =< 1,0 >

𝜃 =
π

4
𝐚 • b = 1.4142 ∗ 1 ∗ 0.70711 = 1



• Given 

• Then

• In n dimensions

Dot product – coordinate version

𝐚 • b = 𝒂𝒙𝒃𝒙 + 𝒂𝒚𝒃𝒚

𝐚 = 𝒂𝒙, 𝒂𝒚 𝐛 = 𝒃𝒙, 𝒃𝒚

𝐚 • b =෍

𝒊=𝟏

𝒏

𝒂𝒊𝒃𝒊



• Given 

• Then

• Example revised:

Dot product – coordinate version

𝐚 • b = 𝒂𝒙𝒃𝒙 + 𝒂𝒚𝒃𝒚

𝐚 = 𝒂𝒙, 𝒂𝒚 𝐛 = 𝒃𝒙, 𝒃𝒚

𝐚 =< 1,1 >
𝐛 =< 1,0 >

𝐚 • b = 1 ∗ 1 + 1 ∗ 0 = 1



• Given

• We have

• Example

Dot product: computing angle (and cosine)

𝐚 • b = a b cos(𝜃)

cos 𝜃 =
𝐚 • b

a b

𝜃 = cos−𝟏
𝐚 • b

a b

𝐚 =< 1,1 >, 𝐛 =< 1,0 >
𝐚 • b = 1 ∗ 1 + 1 ∗ 0 = 1
a = 𝟏. 𝟒𝟏𝟒𝟐, b = 𝟏. 𝟎

𝐚 • b

a b
=

𝟏

𝟏. 𝟒𝟏𝟒𝟐
= 𝟎. 𝟕𝟎𝟕𝟏𝟏

cos−𝟏
𝐚 • b

a b
= 𝟎. 𝟕𝟖𝟓𝟒𝟎 =𝝅/𝟒



• Since

• Then a perpendicular to b gives

• Examples

Dot product: testing perpendicularity

𝐚 ⊥ b ⇒ 𝐚 • b = 0

cos 90° = cos
𝜋

2
= 𝟎

𝐚 =< 1,0 >, 𝐛 =< 0,1 >
𝐚 • b = 1 ∗ 0 + 1 ∗ 0 = 0

𝐚 =< 1,1 >, 𝐛 =< −1,1 >
𝐚 • b = 1 ∗ −1 + 1 ∗ 1 = 0



• Given vector

• The perp vector is 

• So

Perp vector and lines

=< −𝑣𝑦, 𝑣𝑥 >

𝐯 =< 𝑣𝑥, 𝑣𝑦 >

𝐯•𝐯⊥ = 0



1. Vector magnitude and normalization

2. Dot products and cosine rule

3. Dot product, perpendicularity and perp 
vector

What you should know after today


